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Abstract

This paper proposes and analyzes a malaria transmission model structured by the chronological age of the
human host population. The model couples an age-structured SIRS system for humans, incorporating waning
immunity, with an SI system for mosquitoes under mass-action transmissions. Using integrated semigroup
theory and spectral analysis, we establish the well-posedness of the model, derive the basic reproduction
number, and prove the global asymptotic stability of the parasite-free equilibrium by using a Lyapunov
functional, when Ro < 1, thereby excluding the possibility of backward bifurcation. Numerical simulations
further suggest the global stability of the endemic equilibrium when Ry > 1.
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1 Introduction

Malaria remains the most widespread and deadly parasitic disease worldwide, with 263 million cases and more
than 597,000 deaths reported in 2023 [43]. It continues to pose a major public health challenge, particularly in
the WHO African Region, which bears the greatest burden of the disease. In 2023, this region accounted for an
estimated 94% of malaria cases and 95% of deaths globally, with 76% of these deaths occurring among children
under the age of five [29, 43]. Although children under five and pregnant women are the most vulnerable groups,
recent studies show that older children and young adults (aged 5-30) have a higher infection prevalence and
constitute the largest human reservoir for mosquitoes [14, 22]. These observations highlight the importance
of incorporating host age structure into malaria transmission models in order to capture more accurately the
underlying epidemiological dynamics.

Mathematical modelling of malaria transmission dates back to the pioneering work of Ross in 1911 [50].
Since then, numerous models have been developed to study this vector-borne disease, integrating a variety
of parameters to better understand transmission dynamics and improve control strategies (see [7, 27, 32] and
references therein). Most existing models rely on ordinary differential equations (ODEs) [8, 11, 17, 21, 31],
difference equations [30, 33] or delay differential equations that account for incubation periods [15, 51, 59].
Some ODE-based frameworks stratify populations into discrete age classes [1, 5, 23, 24], whereas more recent
approaches use partial differential equations (PDESs) to represent continuous age structure in the host population
[60, 61, 62] or in the vector population [4, 54]. Chronological age can also be incorporated into within-host
models [2, 57]. In addition, several models are structured by infection age (see for example [65, (6]), which
can further refine the representation of within-host dynamics (see [9, 18]). Finally, models that simultaneously
incorporate both chronological age and infection-age structures have been proposed in [17, 48].

In this paper, we propose an age-structured model describing the transmission of malaria parasites between
mosquitoes and humans, in which the continuous structuring variable is the chronological age of the human
population. The model is formulated as a SIRS system for the host population, accounting for waning immunity
[28] and as a SI system for the vector population with mass-action forces of infection. The model is described



in the next section and is given by:

(0,4 D)sn(t,a) = —Ault,a)sn(t,a) — un(@)sn(t, @) + ra(@)ra(t,a)

(O + Oa)in(t,a) = An(t,a)sn(t,a) — (un(a) +6(a) + r1(a))in(t, a)

@+ (o) = aiha)— (o) oo "
S:;(t) =N, — )‘v(t)Sv( ) v(t)

Il/}(t) = Ao ()Su(t) — MvIv(t)7

(Sh,ih,’l"h)(t,O) = (Ah,0,0).

for every t > 0 and a > 0, with the following initial conditions

(Sh, ih, ’I"h)(o, a) = (Sh707 ih,O, ’I’h,o)(a) (2)
(Sv,Iv)(O) - (S'u,Ov-[v,O)

and the following forces of infection

An(t,a) = By(a) I, (t), Au(t) = Br(a)in(t,a)da. (3)

0

After integration w.r.t. a, the model (1) rewrites as

Su(t) = Ap = Buly(t)Sh(t) — pnSn(t) + r2Ru(t)
Ih( ) _ﬂ'u ’U( ) (t) (Mh+6+r1)lh( )

R, () =r1ln(t) — (r2 + pa) R (t) (4)
( ) - A - ﬁth(t) ( ) NvSv(t)
(t) = BrSy(t)In(t) — poly(t).

The ODE model (4) was previously investigated in [25] in the case o = 0, i.e. in the absence of reinfection
of recovered humans. In that work, the authors first examined the case where the forces of infection are ratio
dependent (that is, A, and A, in (3) are proportional to the fraction of infected humans or mosquitoes relative to
the total population). They proved the existence of a backward bifurcation, meaning that two endemic equilibria
may exist when the basic reproduction number R is close and slightly below one. They then considered the
case where the forces of infection follow a mass-action formulation, showing that only a forward bifurcation can
occur: a unique endemic equilibrium exists only when Ry > 1, while the parasite-free equilibrium is globally
asymptotically stable (GAS) for Ry < 1.

This line of investigation was extended in [41] to the case ro # 0. In a more general model incorporating
repeated-exposure immunity, the authors showed that in the ratio-dependent case, both their general model
and (4) (see also [10]) exhibit backward bifurcations. In contrast, in the mass-action case, backward bifurcation
may occur in the general model (where multiple infections are possible), whereas only forward bifurcation arises
for (4). They also proved that the parasite-free equilibrium is locally asymptotically stable (LAS) if Ry < 1.

It is worth noting that in [41] a proof of the global stability of the endemic equilibrium is proposed in the
case ro = 0. However, in the computations of the derivative of the Lyapunov candidate function, it is implicitly
supposed that the forces of infection are constant while they should depend on both susceptible and infected
populations. As a result, some terms cannot be cancelled as claimed.

In [10], a similar SIR/SI model (corresponding to (4) with ro = 0) is analysed with an additional reinfection
term allowing recovered humans to return to the infected compartment. The authors show that backward
bifurcation occurs in the ratio-dependent case, whereas only forward bifurcations appears in the mass-action
case.

In [49], the authors investigated a related SEIRS/SEI model with various incidence functions. They estab-
lished the existence of backward bifurcation in the ratio-dependent case, while only forward bifurcation arises
for Holling type I (which corresponds to mass-action) and type II incidence functions. The same study also
proposes a proof of the GAS of the endemic equilibrium under strong assumptions. However, in the computa-
tion of the derivative of the Lyapunov candidate function, arguments of the form “if S) < S;* and Ej, > E}*

SLE;
then 1 — S’;*’l

unless it is first shown that the solution remains within an appropriate positively invariant set, which is not
demonstrated in the paper.

In [31], another related SIR/SI model (which reduces to (4) with ro = 0 for particular parameter values)
is studied with the addition of vaccination compartments. Once again, the authors establish the presence of
backward bifurcation in the ratio-dependent case but not in the mass-action case. They also analyse the stability
properties of the equilibria, proving the GAS of the parasite-free equilibrium when Ry < 1 and the LAS of the
endemic equilibrium when Ry > 1.

All other references mentioned above consider models that either employ ratio-dependent forces of infection
[1, 8, 11, 17, 21, 23, 24, 47, 48, 61, 62] , which typically lead to backward bifurcation, or study SIR/SI-type

> 07 are used to establish the non-positivity of the derivative. Such arguments are not valid



models without reinfection of recovered humans [9, 60, 6], or assume non-constant immigration rates [5, 65].
See also [37] for a review of the various compartmental models proposed in the literature.

To summarize, two properties were previously established for the ODE model: the local asymptotic stability
of the parasite-free equilibrium and the existence of only a forward bifurcation [41]. The analysis of the PDE
model (1) presented here is new and involves two main difficulties: first, the structured of the model itself
(SIRS/SI), and second, the age-structure of the human population. Indeed, in [42], the authors studied an age-
structured SIRS model without vector and left open the question of the uniqueness of the endemic equilibrium
when Ry > 1. In the present paper, we mainly prove the global asymptotic stability of the parasite-free
equilibrium when Ry < 1 thereby ruling out the possibility of backward bifurcation, and extending existing
results.

In section 2, we present the PDE model (1) and establish the framework required to prove the well-posedness
of a global positive solution using the theory of integrated semigroups. In Section 3, we first derive the basic
reproduction number R by means of the next-generation operator. We then linearise the system around each
equilibrium, obtaining linear Cy-semigroups, and apply spectral theory to determine the local stability of the
parasite-free equilibrium when R < 1 and its instability when R > 1. In this section, we also employ classical
results from dynamical systems to study the attractiveness of the parasite-free equilibrium when Ry < 1, using
a Lyapunov functional defined on certain omega-limit sets. This Lyapunov functional further allows us to
establish the global stability of this equilibrium in the case Rg = 1. This section concludes with the existence
and uniqueness of the endemic equilibrium in the ODE case and in the PDE case when 7o = 0. Under these
two assumptions, we prove the local asymptotic stability of the endemic equilibrium. Finally, Section 4 presents
several numerical simulations for the PDE model, which suggest the global asymptotic stability of the endemic
equilibrium when Ry > 1.

2 Well-posedness and global solution

2.1 Model formulation

As presented in the introduction, in this paper we focus on the age-structured mathematical model of malaria
transmission with waning immunity described by (1). As humans might be repeatedly infected because they
have not acquired permanent immunity, it is assumed that the human population is described by the SIRS
(Susceptible-Infected-Recovered-Susceptible) equations. Recovered human hosts have temporary immunity that
can be lost and are again susceptible to reinfection. On their side, mosquitoes are assumed not to recover from
the parasites infection due to their short lifespan. Consequently the mosquito population is described by the SI
equations. All newborns are susceptible to infection, and the development of malaria starts when the infectious
female mosquito bites the human host. The vectors do not die from the infection or are otherwise harmed. In
the model, the parameters have the following biological meaning:

e S,(t) and I,(t) respectively, denote the number of susceptible and infectious mosquitoes at time ¢ > 0.

e sp(t,a),in(t,a) and ry(t, a) respectively denote the number of susceptible, infectious and recovered humans
of age a > 0 at time ¢t. Also for any aj,as € (0,400), a; < as, the quantity fjf sp(t,a)da denotes the

total number of susceptible individuals at time t of ages between a; and as. In particular f0+oo sp(t,a)da
is the total density of susceptible humans at time ¢ and

Ny (t) = /Ooo(sh(t, a) +in(t,a) + ru(t, a))da, Ny(t) = Su(t) + L(t)

are respectively the total population of humans and mosquitoes at time t.

e \(t,a) is the age-dependent infection rate of susceptible humans (following contact with infectious
mosquitoes) of age a at time ¢ defined by (3) where §,(a) is the parasite transmission rate from mosquitoes
to humans of age a.

e Susceptible adult mosquitoes acquire infection, following effective contact with an infectious human (via
a blood meal), at a rate A, (t), given by (3) where 8;,(a) is the parasite transmission rate from humans of
age a to mosquitoes.

e Ay and A, respectively denote the human and the mosquito recruitment rates while i, denotes the natural
death rate of mosquitoes.

e The age-dependent functions uy,d, 71 and ro are respectively the natural death rate, per capita parasite-
induced death rate, per capita recovery rate and the per capita rate of loss immunity for human individual.

We end the description of the model with the following assumption.



Assumption 1. We suppose that:
1. There exists pg > 0 such that pp(a) > po > 0 for almost every a > 0 and p, > po,
2. Ap>0,A, >0, py, >0,
3. Bu, Bns pin, 0, 71,72 € L(0, +00).

In all that follows we suppose that Assumption 1 holds.

2.2 Abstract Cauchy problem

To prove the existence of solutions of the system (1)-(2), we follow [36] and use integrated semigroup theory
whose approach was introduced by Thieme [56]. We first put the system (1) in the form of an abstract Cauchy
problem.

In all that follows, let us define the Banach space X = R x [Ll(O7 oo)]3 x R? endowed with the product
norm

= [kl + llsnllor + llinllr + [lrallor + 1So| + [ L]

X

and X is the non-negative cone of X that is X, = Ry x [L1(0, oo)}g x RZ. For every constant 7 > 0 and
x € X, we denote by Bx (z,r) the ball of X centred in x and with radius r:

Bx(z,r) ={y € X :|ly —z|[x <r}. (5)

Let A: D(A) C X — X be the linear operator defined by

0 —Sh(O)
s —58}, — UhSh
al |2 —ip, — (pn + 0 +11)ip
- !
T, —rf, — (ro + pn)rh
Sv _NUSU
Iv _,uvlv

with domain
D(A) = {0} x {(shaih77'h) e [wh\(o, oo)]3 2ip(0) = rp(0) = 0} x R2.

One may note that D(A) = {0} x (L*(0,00))? x R? and is not dense in X. Let F': D(A) — X be the non-linear
function defined by

0 Ap
Sh —Busnly + T2r)
ih _ Busnly
F T - T1in (6)
S, Ay =Sy [ Bu(a)in(a)da
I, S Ji7%° Bu(a)in(a)da

We define Xo = D(A) and Xoy = XoNX 1 = {0} x(LL(0,00))*x(R)?. Now by identifying (0, sy, (t,.),in(t,.), 7n(t,.), Su(t), I
to z(t), the equation (1) can be rewritten as the following abstract semilinear Cauchy problem in X

dx(t
{ dg) — Aw(t)+ Fa(t), V¢ > 0 -
z(0) = (0,8h,0,%h,05Th,0, 50,0, Lv,0) € Xo.

2.3 Linear and nonlinear part of Cauchy problem

Here we handle the linear part with the following result.

Proposition 1. The operator A : D(A) C X is a Hille-Yosida operator with (—po, +00) C p(A) (which denotes
the resolvent set of A) and for all X > —pug, (M — A)" X, C X, . Moreover, for allw > 0, the operator A —wl
1s also a Hille-Yosida operator.



Proof. Let (k, ¢1,¢2,¢3,y1,92) € X and (0,11, 2,43, 21, 22) € D(A) such that (A\I—A)(0, 91,2, ¢3, 21, 22) =
(K, @1, 02, 3,91, y2). We have

V1(a) = ke~ foa(ﬂh(s)"")\)ds + [y d1(s)e I mn(FNdr g
bala) = [ éo(s f”(uh<r>+a(r)+n<r>+A)d¢d8

¢3(a) = f (bg & (pn (T)+r2(T)+N)dT o
1 = >‘+Muy1
T2 = Zao U2

for each a € (0,400). Thus we get

||(x ¢1,¢52,¢3;y1,y2)\|x
A+ o

It readily follows that |[(A] — A)™"||z(x) < m for every n € N; so that A is a Hille-Yosida operator with

(M — A) " (K, b1, P2, B3, 91, 2)| | x <

(—po, +00) C p(A). The positivity of the resolvent then simply results from the above resolvent formula. O
Now we treat the nonlinear part by showing a Lipschitz property and a positivity property of F'.

Proposition 2. The function F : Xg — X given in (6) satisfies the following properties:
1. F s Lipschitz continuous on bounded sets i.e.
Vm >0, 3 ¢y >0 such that V(w,w') € (Bx,(0,m) N Xo)?, ||F(w) — F(w')||x < emllw—w'||x.
2. Ym >0, Ip,, > 0 such that
w € Bx,(0,m) N Xoy = F(w) +prw € X,.

Proof.
1. Let m > 0 and w = (0, sp, in, Th, Su, L) T, w' = (0,8}, 4}, 7}, 5., I,)T be two elements of Bx,(0,m). We
have

IF(w) = F(w')l[x < 2m|Bullso +2m|[Bulloo + [I11]loc + [[72]loc) [w — w'||x
With L(m) = 2m(||5nlleo + [|Bulloc) + [I71]lco + ||72]]00, it follows that the first property is satisfied.
2. Let m > 0 and w = (0, s, 94,74, Sv, [,)T € Bx,(0,m) N Xoy. We have
Ap
—Busnly + T2rh + Pmsh
Bosnly + Pmin
Tlih +Pm7"h
— Sy f (a)da + pmS,
S fo )da + pm 1y

F(w) + ppw =

Since we have

—Bu(a)sn(a)ly + pmsn(a) = (Pm — Bo(a)ly)sn(a) > (pm — ||Bullcom)sn(a)

for each a € (0,00) and

+oo —+o0
A, — S, / a)ip(a)da + pmSy = Ay + Sy (Dm Br(a)in(a)da) > Ay + Sy(pm — HBhHoom)da)
0

then it follows that the second property is satisfied once pp, > m(]|B4lloo + [|Bvlloo)-

O
We deduce the following result about the existence of a local solution.

Proposition 3. For eachz € X, there exists tmax < +00 and a unique continuous map U(.)x € C([0, tmax)s Xo+)
which is an integrated solution of the Cauchy problem (7) i.e.

/t U(s)xds € D(A), Vt € [0, tmax]
0

and

P = g;+A/ xds+/tF(U(s)x)ds, Yt € [0, tamax]-

Proof.  Using Proposition 1 and Proposition 2 it follows from [36, Theorem 5.2.7, p. 226] that there
exists a unique local mild solution to the Cauchy problem (7). Also, the solution is non-negative due to [30,
Proposition 5.3.2, p. 227]. O



2.4 Boundedness and global existence

We define the space X = (L*(Ry))® x R? and its positive cone Xy = (L1 (Ry))® x R%. We show here that the
solution is global in time due to some boundedness properties, which is the main result of this section:

Theorem 1. For every Z = (Sn,0,%,0, Th,05 Sv,0, Lv,0) € X, there exists a unique mild solution (0, s, in, 7, Sv, L) €
C([0,00), X 1) that induces a globally defined strongly continuous semiflow via

D R-l‘ X X-i- > (t,./f) — (I)t(aj\) = (sh(t7 ')7ih(ta ')a rh(ta ')a Sv(t)? Iv(t))
where the solution satisfies for each (t,a) € Rﬁ_ :

sn(t,a) +in(t,a) + ru(t,a) < Ape™ 1o (ST iy A+ (8,0 + o + Tho)(a — t)e” Ja=e ”h(s)dsl{wt} (8)

whence A
Ni(t) < max {MZ,Nh(m} ey (9)
We also have
A, A
Sv(t>+lv(t):?+ Nv(o)_; e " (10)
and
S, (t) A, (1 _ e_(#v‘i‘”ﬁh“L‘x’Ch,)t) + S, Oe—(#vﬂlﬁh\lmoch)t_ (11)
fo + ||Bn Lo Ch '

Moreover, the semiflow can be decomposed as ®y = (O3, it O &T» &lv) = (®F, ®Y) and O = o' + @2
where:

shola—t)e” Jis g mn(s)ds o= [, Bu(s) 1o (t+s—a)ds
(@) (a) = ino(a —t)e Jimelun(F3()+r1(s))ds Loz

P o(a — t)e™ i ra() un(s)ds
O ra(s)rat — a+ 5, s)e™ S G (©+B. O (t-ate)de g (12)
+ fa tﬁ”( ), (t—a+s)sp(t —a+s,s)e = [ (n (©)+3(6)+r1(8))dE g o Liast)
[ ri(8)in(t — a+ s, s)e S (ra2(©+nn(€)de g
and
fbfh"Q(E)(a) Ape~ Jo (pn(8)+Bo () Ly (t— a+s))ds+f 7“2 Th(t—a,+8 8)6 JE(pn(©)+Bo(§) Iy (t—a+€) dgds
(I)?Q(EE)(“) = ‘I’ihg(i\)(a) = fo Bo(8)I,(t — aJr s)sp(t —a+s,s)e = [ (©)+0(8)+r1(8))dE g4 1
@:h’z(f)(a) fo r1(8)in(t —a+ s, s)e = [ (r2(&)+un(8))dE g g
(13)

Proof. Letz = (0,84,0,%h,0,7h,0, 5,0, Lv.0) € Xot+ and set U(t)z = (0, sp(t,.),in(t,.), ma(t,.), Su(t), I,(2)) €
C([0,tmax), Xo+) the solution of (7). We see that

Né(t) =A, — Hva(t)-

A simple use of Gronwall’s lemma implies (10) for each t € [0, tmax). Now, note that the components sp,ip,
and rp, of the solution only satisfy (1) in the mild sense, hence it is not possible to use directly to integrate the
equations of system (1). However, one may note that the solution is given by

t.0) sno(a—t)e” Jame s 4 10 (o) ($)ry(t— a4 5,8) — M(t —a+ 8)sp(t —a+s))e ST m@dds  if a >,

sp(t,a) = o o

" Ape= Jo mn(s)ds 4 Jo (ra(s rh(t —a+5,8) — Mt —a+s)sp(t —a+s))e S rn©dé g else.

in(t,a) = ino(a —t)e” et @B g [0 (Nt —a+ s)sn(t—a+s) = (ri(s) + <s>>zh(t—a+s,s>>e*f‘s“ﬂh<f>d£ds if a >

MR SOt —a+s)sp(t —a+s) — (ri(s) +0(s))in(t — a +s,s))e J #n(&dgs else.
(t.0) rho(a—t) -l t”h(SdSJrf (8)in(t —a+s,s) —ro(s)rn(t —a+s,s))e” JS m@degs if g > ¢,

rp(t,a) = o

4 Jo (ri(s)in(t —a+ s, 8) — ra(s )rh(tfaJrs,s)) =SS (©)de g else.

Summing all three above equations lead to

(ta) < npola —t)e” Jiimn(s)ds < npola —t)e ot ifa>t,
np(t,a) < “
4 Ape= Jo 1 (©dEgg < A, e—Hoa else.



where we defined
np(t,a) = sp(t,a) + in(t,a) + ry(t, a)

and nyp, o(a) = ny(0,a), which implies (8)-(9) for each ¢ € [0, tmax). Finally, since we have
Su(t) = Ay = Su(t) (1o + | Bnllzee 11 (t, )l 1)

for each ¢ > 0, it follows from (9) and a use of Gronwall’s lemma that (11) holds for each ¢ € [0, tmax). Now, if
we suppose by contradiction that tyax < 400 then, by [34, Theorem 3.3] we would have

L (flsa(t, )z + [lin( ey +[lra(E e + 1S0] + [Lo]) = +oo (14)

which contradicts either (9) or (10), whence ty,.x = +00.

3 Equilibria and their Stability

In this section, we handle the existence and the stability of equilibria. Clearly, the parasite-free equilibrium
always exists for the model (1) and is given by

Ey = (s7,0,0,50,0) € X,

s Moo

where 59 (a) = Aj, exp(— fo pn(s)ds) for every a > 0 and SO = M”

3.1 The basic reproduction number R,

The stability of Fy will depend on the basic reproduction number which is computed in this section. This
quantity plays a very important role in epidemiological modelling, see for example [44] for an introduction and

some references, and also [17] for its derivation in a similar model. We follow the classical procedure to derive
this number, based on the next generation operator [16, 27]. Let us first define
Ro = \/ / / Br(€+ 8)B,(&)s (5) 5Jré(Nh(u)+r’1(u)Jré(u))dudgdS. (15)

and make the following

Assumption 2. We suppose that:

/ / Br(a+ s)By(a)e "0 ) dads > 0.
o Jo

In all that follows we suppose that Assumption 2 holds. Note that this assumption simply reflects the fact
that, at some point during their lifetime, humans are susceptible to infection (i.e. 8,(a) > 0 for some a € (0, 00))
and that they may subsequently transmit the infection to a mosquito (i.e. Sn(a + s) > 0 for some s > 0). We
can now state the main result of this section.

Theorem 2. The number Ry defined by (15) is the basic reproduction number related to (1).

Proof. We begin by linearising the system (1) in the neighbourhood of the parasite-free equilibrium Ej.
Hence (ip, I,,) satisfies the following system:

(01 +0a)in(t,a) = Bu(a ) ( ) 2( ) = (pn(a) +6(a) +r1(a))in(t, a)
() =59 fo (a)in(t,a)da — py I, ().
Using Volterra’s formulation on the first equation of the latter system and a simple integration of the second

equation, we get

i (ta) = iho(a—t> ~ i Lm0 Fr () f By s+a—t)Iv(S)S‘é(s+a—t)e‘ff+a—tWh“”““”ﬁ“””lfds a>t
(@)= 198, () (s + £ — a)s0(s)e R g, 0 <t
o Fv >

and . oo
I,(t) = I,(0)e ! + SO / e Hv(t=9) Br(a)in(s,a)dads.
0 0



Let us define By,(t,a) and B,(t) the number of newly infected humans of age a and mosquitoes, at time ¢, by

By (t,a) = ﬂv(a)lv(t)sg(a), B,(t) = Sg/o Br(a)in(t, a).
It follows that

t t
I,(t) = I,(0)e #" 4 / e =3B (s)ds = I,(0)e Mt —|—/ e M B, (t — s)ds
0 0

whence

Bu(t,a) = fon(t,a) + B (a)s(a) /O RSBy (1 — 5)ds

where fo (¢, a) = I,(0)8,(a)s)(a)e~ ", whence | fo,n| 1 v 0. Similarly, we see that
— 00

in(t,a) = ihola—t)e” Ja-elun(@)Fo(s)+m(e))ds o fg Bi(s,s 4 a — t)e fira-en@HOFm(mdr g g 5 4
ph(l,a) = foa, Bh(s +t— a,s)e_ I:(Mh(7)+5(T)+T‘1(T))deS a S t

so we deduce, after some computations, that
t 0o
By(t) = fou(t,a) + 8, / / Bn(u+ 8)Bp(t — u, s)e” & (1@ +0O+r1©)de g gy
o Jo

where fo.(t) = S0 [7 Bn(s + t)ino(s)e” ST un () F+6(©)+r1(€))de g g , . 0. Now define the vector
—o0

V) = (Bébf’é;)')) € L}(0,00) x R

then we see that V satisfies the following equation:

V(t) = folt) + / G(s)(V(t — ))ds

where fo(t) = (fon(t,"), fon(t)T € L*(0,00) x R encounters for the initial data and G € L(L(0,00) x R) is
the linear operator defined by:

o ﬂvsge_““st

By,
Gls) (Bv) a (53 Jo” Bu(s+€)Br(§e” fﬁHs(”h’(u)Jré(u)Hl(u))dudff)

for each s > 0. Note that this operator G(s) is called the net reproduction operator [27] and maps the density
of newborns to the density of their children produced at time s later. It follows [16, 27] that the next generator
operator is K : L*(0,00) x R — L'(0,00) x R and is defined by

51;8232

B > B K1(B1,Bs)T
K (B;) :/ G(s) (B;) ds = o Mo ] . = (K;EBi BE;T> .
° S Jo7 Jy" Bul& + ) Bu(€)e™ Je ittt e g ’

From this operator K, we deduce that the basic reproduction number R is defined by the spectral radius of K
that is Rg = r,(K). We first prove that K is a compact operator. Since K» has finite dimensional range and
is clearly bounded, it is then sufficient to prove the compactness of K;. Let h € Ry and S C L'(0,00) x R be
a bounded subset, so there exists M > 0 such that || By|/z1 + |Ba| < M for each (By, Bz) € L'(0,00) x R. We
denote by 7, the translation operator in L', i.e.:

(B1) = Bi(-+h) VB € L*(0,00).

Let (By, B2) € L'(0,00) x R, then
M 0 0
|7 K1 (B, B2) — K1(B1, B2)|[11(0,00) < ;HTh(/BUSh) = Bushllzi,00) =2 0

uniformly since 3,59 € L(0,00). We also prove that

sup /|K1(Bl,Bg)(a)\da§

[Bol[ e — 0.
(B1,B2)€ES r—oo

v O



It follows by the Riesz-Fréchet-Kolmogorov (RFK) criterion (see e.g. [68, Theorem X.1, p. 275]) that K; and K
are compact operators, so the spectrum of K is only composed of eigenvalues with finite algebraic multiplicity.
Now, computing K2, we see that this operator can be rewritten as

K2 Bi\ _ (Fi(By)
By F5(By)
for each (By, Bz) € L'(0,00) x R, with Fy, F» the linear operators respectively defined on L*(0,00) and R by:

(Bl Bv s9 v/ / B f—|—$ Bl(ﬁ) + (pn (w)+r1 (u)+6( u))dudfds

and 0
S B2 7‘]5+5 (pn(uw)+r1 (w)+6(u) dudgds

Fy(By) = / / Bu(€ + 5)Bu(€)sh(E)e

Let us set A\g = RZ. We notice that \g is the only eigenvalue of Fy, whence r,(Fs) = A\g. We also see that

K)= \/TJ(KQ) = \/max{ra(Fl),r,,(Fg)} = \/max{ro(Fl),)\o}.

We now shall prove that r,(Fy) = Ag. For that, we define the set

Q= {s >0 8,(€) /0 T Bls + e s > 0}

and the restriction of Fy to L'(Q) denoted by Fy € £L(L'(Q)):
Fi(B)(a) = 1a(a)F1(B)(a)

for each a € Q, B € L'(Q) and with

B B(s) ae. a€Q
Bla) = {O else.

From Assumption 2 it is clear that Fy is a positive and compact operator on L'(€Q). Moreover, since  # 0, it
follows that Fj is irreducible, i.e.

Fi(B)(a) >0 ae acQ VBecL(Q))\{0}

that is, sends the positive cone of L1 (€2) on the subset of L} (Q) of functions almost everywhere strictly positive.
We now observe that
Fy(Bsh) = AoBush,

so that Ao is an eigenvalue of F; associated to the eigenfunction (,s9 € L'(2) that is positive a.e. on Q. It
comes that r,(Fy) > Ag > 0. It follows from [38, Lemma 4.2.10, p. 269] that there exists a positive eigenfunction
¢ € L1 (0,00) \ {0} such that
Fi(¢) = ro(F1)0.
We remark that R
Fi(1g¢) =ro(F1)1la¢
so that 7, (Fy) is also an eigenvalue of F; associated to 1o¢ € L} (2)\ {0}. Using a version of the Krein-Rutman
theorem on the linear operator F; (see [38, Corollary 4.2.15, p. 273]), it follows that the spectral radius of Fy
is the only eigenvalue associated to a positive eigenfunction, whence r,(F;) = r,(F1). By noticing on the other
hand that ~
Fl(lﬂﬂvsg) - )‘Olﬂﬁvs?z
we deduce that \g is an eigenvalue of Fy associated to 19&82 IS L}r(Q) Again, by Krein-Rutman theorem, we
deduce that r,(F;) = A\g. We can then conclude that

= = Ro.



3.2 Local stability of the parasite-free equilibrium

In this section, we handle the local stability of the parasite-free equilibrium. Let E = (s}, 5,75, S5, I¥) € X+
be an equilibrium, then we define DFp : X¢o — X the differential operator of F' around E by:

0 0 0 0
Sh, Sh Sh, Sh
DFp : TZ = (DFg)h T’;L + (DFg)s TZ + (DFg); TZ
Sy Sy Sy Sy
I, I, I, I,
0 0 0 (16)
_BUSZI’U 751)5h1: T2Th
_ 51}52]1) 0 /B’UshI:;
- 0 L I I T
—S j(;.io Br(a)ip(a)da — S, L[)(ZO Br(a)i(a)da 0 0
Sy [y Bula)in(a)da+ S, [ Bula)iy(a)da 0 0

We now state the following lemma, which brings the stability analysis to the search of eigenvalues. We first define
(A+ DFg)o the part of A+ DFg in D(A) and {T( a4 pry), (t) i>0 the Co-semigroup generated by (A+ DFg)o.

Lemma 1. The subset
{A€o((A+ DFg)o), R(A) > —po}

18 finite and composed at most of isolated eigenvalues with finite algebraic multiplicity, where o denotes the
spectrum of the corresponding operator.

Proof. The linear operator (DFg); : Xo — X is clearly compact so we get

Wess ({T(A+DFR)o (1) }120) < Wess({T(A+(DFp)2+(DFr)s)0 () }10)

by [19, Theorem 1.2] where wess denotes the essential growth bound and (A+ (DFg)2+ (DFEg)3)o is the part of
Now, by definition, we know that

Wess {T(A+(DFp)at+(DFg)s)o (1) }120) < Wo{T(A+(DFp)s+(DFr)s)o () }>0)

where wp denotes the growth bound. To compute this quantity, we first check that the semigroup
{T(A+(DFE)2+(DFE)3)0 (t) }+>0 is positive. To this end, as in the proof of Proposition 1, let (x, ¢1, @2, @3, y1,Y2) €
X and (07¢1a¢27¢37$17$2) € D(A) such that

(A — (A + (DFE)2))(0,%1,%2,%3, 21, 22) = (K, 1, P2, $3, Y1, Y2)-
We have
1/)1 (a) = ke foa(ﬂh(s)""ﬁv (s)I;+N)ds + f()a ¢1(8)€_ f:(/‘«h (T)+BU(S)I:+>‘)d7dS
1[)2 (a) — an d)Q(S)e_ f:(Hh(T)"F(s(T)JFTI (7—)+)\)de3
P3(a) = [ ¢a(s)e [ n(nHra(m+Ndrgg
1 = ﬁyl
L2 = Nrm, Y2
for each a € (0,+00). This proves that the linear operator A 4+ (DFg)s is resolvent positive and the semigroup
T a+(DF t)}+>0 is positive. Since the linear operator (DFg)s € L£L(Xg, X) is positive then by using [63,
(A+(DFE)2)o >
Theorem 1.1], one has

e}

(A= (A+ (DFg)2+ (DFg)3)) " = (A= (A+ (DFg)2))) " Z (DFg)s(A— (A+ (DFE)2))71)H

n=0

which implies that A4-(DFg)2+(DFg)s is resolvent positive and then the semigroup {T(a+(pry)s+(DFp)s)o (E) 120
generated by (A + (DFg)s + (DFE)3)o is positive. Since the semigroup is positive, we can now compute the
operator norm of {T( a4 (DFy)s+(DFg)s)o (t) }1>0 as

IT(A+(DFg)2+(DFg)s)0 Dl 2(x0) = sup 1T A+(DFg)2+(DFr)s)0 ()T x0-
z€Xo+, |zl x,=1

Let z = (0, Sh,0, 9,05 Th,0, Ov,0, Lv,0) € Xo with ||z||x, = 1. Following the proof of Theorem 1, we denote by

T(A+(DFE)2+(DFE)3)0 (t)l. = (01 Sh(tv ')7 ih(ta ')7 rh(ta ')a Sy (t)a Iﬂ(t))
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the positive solution (which exists and is unique since A+ (DFg)s + (DFg)s is a Hille-Yosida operator). We
see that

sn(t.a) = Sh. O(a—t) ~Jan(s)ds + [ (ra(s)rn(t —a+s,8) = Byt —a+s)isp(t —a+s))e” [ m©dds if q > ¢,
A Jo ra(s)rn(t —a+s,s) — ﬁv(t—a—|—s)I{jsh(t—a+s))e‘ff”’L(5)dfds else.

it ) inola —t)e” Jamemn(ds 19 (3 (1 —a s)[Zsp(t —a+s) — (r1(s) +6(s))in(t —a+s,s))e” S @dds if g
1 5 = a a

h fo Byt —a+s)isp(t—a+ s) (r1(s) +d(s))in(t —a+s,s))e = Jd n(€)de gg else.
it a) = rho(a—t) ~Jdenn(®) ds—i—f (8)in(t —a+s,8) —ra(s)ra(t —a+s,s))e” o m@dds if g > ¢,

A Jo (ri(s)in(t —a+s,5) — ra(s )rh(t—a—i—s,s)) = (©)de g g else.

Summing the three equations leads to

(t.a) < npola —t)e Jae (s < g — t)emrot if g > ¢,
a
— 10 else.
Since we have
Sv(t) = Smoei’u”t Iv(t) = U,Oei’u”t

it follows that
1T A+ (DFw)2+(DFr)s)o (D] xo < e7H00 ]| x,

whence

wO({T (A+(DFg)2+(DFE) 3)0( )}t>0) < —pp < 0.
Consequently, the essential growth bound is negative and the statement is true by means of [20, Cor. IV. 2.11
p. 258]. O

Proposition 4. If Ry < 1 then Ey is locally asymptotically stable; if Rg > 1 then FEy is unstable.

Proof.  Using [36, Proposition 5.7.3, p. 246], we know that if s(A + (DFg,)o) < 0 then Ej is locally
asymptotically stable, and similarly if s(A + (DFg,)o) > 0 then Ej is unstable by using [36, Proposition
5.7.4, p. 247] , where s(-) refers to the spectral bound. Moreover, by Lemma 1, we only need to study the
punctual spectrum of (A + DFg,)o. We then consider exponential solutions, i.e. of the form u(t) = ve’, with
0# v := (Sp,in,Th, Sy, I,) € X and A € C. We obtain the following system:

sp(a) = —PBu(a)lusp(a) — (un(a) + N)sp(a) + ra(a)ra(a)
in(a) = Bu(a)lysy(a) — (un(a) + X+ 8(a) +r1(a))in(a)
rp(a) = Tliha)—(’”z()+)\+ n(a))rn(a)

= fo (a)in(a)da + 1, Sy

o o

= (,uv‘i’)‘)(s + v)

leading to either I, = -5, or A = —u, < 0. Supposing now that I, = —5,,, we get:

I - SY fooo Br(a)ip(a)da
! o
and
0
in(a) = <S Jo 5h > / Bo(s — S (2)H8(2) 1 ()+N)dz g g
for each a > 0. We then obtain:
/ Br(a / Bu(s = [ () +8(2)+r1(2)+N)d2 gggo —. g(N).

We see that ¢g(0) = Ry so, if Rg > 1 then, by continuity, one may find A > 0 such that g(\) = 1 and Ej is
unstable. Now, let us suppose that Ry < 1, then considering A = R(X) + iS(\), we get

‘ <X / 6/1 / Bv Sh JE(pn(2)+d(z )+r1(z)+%()\))dzdsda < RO <1
Moy

whenever R(A) > 0. As a result, Fy is locally asymptotically stable when Rg < 1. O]
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3.3 Attractiveness of the parasite-free equilibrium

We start this section by reminding classical definitions about orbits and limit sets (see [26]). In the sequel, for
T € X, we will denote by 7" (Z) = {®4(Z), ¢ > 0} the positive orbit starting from Z and

w(@) = Nr>0{P:(T), t > 7}

the w-limit set of Z. Also, let a function ¢ : (—o0,0] — X such that ¢(0) = Z and for any s < 0, ®;(4(s)) =
¢(t + s) for each 0 <t < —s, then the set {¢(s), s < 0} is called a negative orbit through z, denoted by v~ ().
Similarly, for a function ¢ : R — X such that ¢(0) = T and for each s € R, ®;(é(s)) = ¢(t + s) for every t > 0,
then the set {¢(s),s € R} is called a complete orbit through Z, denoted by (7). Let

H(t,z) = {y € X : there is a negative orbit through Z defined by ¢ : (—o0,0] — X with ¢(0) = Z and ¢(—t) =y}
then we define the a-limit set of Z as
a(Z) =Nr>o{H(t,T), t > 7}

For a given complete orbit v(z) = {¢4(s), s € R}, we define the a-limit set of the orbit similarly as

a(e) = =) {e(-t),t > 7}.

7>0

)= JH(72)

t>0

We finally define the set

that contains all negative orbits through zy. Following [15], we prove now the existence of a compact attractor
by proving the relative compactness of the positive orbits.

Lemma 2. For every T € X, the positive orbit y©(T) C X is relatively compact, i.e. v*(Z) is compact.
Proof. Firstly, by means of (13) and estimates (8)-(9), we see that for each r > 0 and each z €
Bx(0,7) N X4, we have:

A _
108 @)l g s s < re=" + (||r2||Loo Bl 2 + ||7“1||L°°) ot

where By (0,r) in defined by (5). Secondly, due to Theorem 1, we see that ®} maps bounded sets of X into
sets with compact closure in X’y for every ¢ > 0. Thus, we only need to prove the compactness for <I>? 2 for some
t> 0.

Let t > 0 and let S C X be a bounded subset with r = bupm,e g H§5|| x. The goal is to show the relative

compactness of {®"*(Z),Z € S} C (LY (R4))3. Defining C, =r + 4 Ay —|— , we readily see from (9)-(10) that

@) <Gy 20(@) <O |20 @)n SO 20 @) I SO 97 @) <O V(s,7) ERL xS

(17)
and from (8) we arrive at
~ An Ay
sup | ®)(@)[| 21 @45 < — + =5 (Irallzee + [Boll = Cr + 71 ]| pe) < +o00.
zes Ho Ho
Let £ > 0. We see that:
sup Z / <I>“ 2 a)lda < Ah/ e "% a+Ap (|Ir2llpe + |Bolln=Cr + HrlHLoo)/ ae”*% g — 0.
zes ¢ 3 §—+oo
j€{s,i,r}
Let s € [0,t], £ >0 and Z € S. Then
@72 () — D72 (@)| o1 < Anétllra |z~ + ||7“1||L°°/O / B (@) (w) = 2% (3) (w)|dwda
< Mgl + il [ 1903G) - 002 |ord (13)
0

From (1)-(17) it comes

‘ d®l(7)

ds < ”ﬁhHL"O( ) +.uUOT = ~7'7 V(S,/IZT\) S R+ x S
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whence

@l () — @l (@) <£C,, V(s,2,8) €Ry x S xR, (19)

Let s € [0,¢],§ > 0 and T € S, then

1@ (@) — @02 @)l < Anét||Bullzoe Cr + Etl|Bul| 1 Cr-Cr + (|8, |C: / 19506 (@) — 232 (@) | padu (20)
and using (19) we see on one hand that

Ah /S |€_ foa(l"h(w)""Bv(w)q)iz_g_a+w(§))dw — e~ foa(uh(w)—‘,-ﬂv(w)d)i” a+w(w))dw‘da
0

< Apt % max{e\wvlhoot&ér —1,1— e*”ﬁvl\Lmt&ér} =: k1 (&)
and on the other hand that

/S /a L) (@) (w) (e O+ z)dldw_e—f:;mmwu(z)cbivW(f)dl)dw‘ da
0 0

s+E€—a+w
< Apt?|ra| L x max{e“ﬁ“”L‘”t&éT -1,1- eiHﬁ“”L‘x’tgéT} =: k2(&)

whence
@32 (@) — B3 2(@) | L1 < An + Anétlrallne + 51(8) + k(€ )+||7‘2||L°<>/ @7 (E) — @) || prdu. (21)

We deduce from (18)-(20)-(21) that for every s € [0,¢],£ > 0, T € S and each j € {s,4,r}, we have

[#2:2(@) ~ 022 @)ar < ral) + 11 [ 1912 ~ #12(@)]du

where k3(€) > 0 and k4 > 0 are independent of Z and s, with x3(§) £—>0 0. Using Gronwall’s inequality lead to
—
||<I>fg’1+£( T) — ®2(@)| 1 < K3(€)e™ V(s,€,7,5) €[0,8] x R x S x {s,i,7}. (22)
Now, let £ > 0 and Z € S, then from (22) we get

D72 @) (- + ) — D 2(@) | o < 28 €| e + At 7 || oo (1 — e S0 lluoe i)y 4| oo / 1937 (@) — 2 2(@)l

< 2MpEt||r1 || o + Ant?||r1] poe (1 — e 8Umlleoe Hllinlleoo)y 4 il || Lo g (€)™ =0
uniformly in z € S. We deduce that <I>:’“2 is a compact operator by using the RFK criterion. Similar compu-
tations show that ®** and "% are compact operators.
Finally, the relative compactness of the positive orbits follows from [(67, Proposition 3.13, p. 100]. O
The latter compactness result of the positive orbits then leads to the existence of a compact attractor in the
following sense (see e.g. [26, Lemma 3.1.1 and 3.1.2, p. 36], or [64, Theorem 4.1, p. 167]). Let us remind the
definition of the semi-distance [20] as d(By, B2) = sup,, ¢ p, infy,eB, [[y1 — y2||x for any subset By, By C X.

Lemma 3. For every T € X.:
1. w(Z) is non-empty, compact and connected;
2. w(Z) is invariant under ®, i.e. ®4(w(T)) = w(T),Vt > 0;
3. w(Z) is an attractor, i.e. limy_, 4o d(P4(Z),w(T)) = 0.

In order to get the attractiveness of the parasite-free equilibrium, we will make use of Lyapunov functionals,
introduced in [35] for age-structured models (see also [44, 46] for the computations in other age-structured
models and see [58] for other computations in compartmental (SIRS) epidemiological ODEs model). To this
end we define the following non-negative function

g:Ri>z+—2—-In(z) -1 Ry

and the functional

S Iv
L (Sh7lh7rh7SUaIU '—>/ 1/’ Zh( )da+g (SO) +§

v

where -
_ / Ba(s)e— Ji (mn D +3E () g

We also remind the following definition:
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Definition 1. Let S C X. A function L : X — R is called a Lyapunov function on S if there hold that:
e L is continuous on S (the closure of S in X);
o the function Ry >t —— L(®(Z)) is non-increasing for every T € S.
We will now show that Lj is a Lyapunov functional.

Proposition 5. For every T € Xy, the function (t,V) — Lo(®.(0)) is well-defined on Ry x w(T).

Proof. LetZ e Xy, 7 € w(Z) and t > 0. It is clear that Lo(®.(?)) is well-defined if ®5*(7) > 0 which is
true since we have A

lim 1nf(I> >————— >0 23

BEr® 2 R =

with Cj, given by (9). Finally, since o € w(Z) it follows that ®;° () > > 0 for each ¢t > 0. O

A’U
po+BrllLoe Ch

Remark 1. Note that the latter proposition is stated on the w-limit set while the function (t,0) — Lo(®:(0))
is well-defined on R x Xy. However, to show that this is a Lyapunov function, we will use the upper bound
of the solution formulated in Theorem 1 that is reached when t — +o0o. This will allow to get an upper bound
according to Ro — 1 which is non-positive when Ry < 1.

We start with a property of the semiflow.

Lemma 4. The semiflow ® is state-continuous uniformly in finite time meaning that for every (t,T) € Ry x X4
and every & > 0, there exists some § > 0 such that

Vie X, [E-llx <= 0.3 - 2.@)lx<c Vse 0.

Proof. Let x € Xo;. Then U(.)z € C(R4+, Xo+) by Proposition 3 and Theorem 1. Let ¢ > 0, ¢ > 0 and

define
A, A, o [ee7?
m=maxq — + —, |lz]|x +e7, 0 = min €
Ho Ho Cm

where ¢, is as in Proposition 2. Let y € Xo4 such that ||z — y||x < 6. We have U(.)y € C(R4, Xo4+) and F
is Lipschitz continuous whence F o U(.)z and F o U(.)y belong to L'([0,t], X). Also we have (U(s)x,U(s)y) €
(Xo4 N Bx(0,m))? for every s € [0,t] by using (8)-(9) and the fact that ||y|lx < & + ||z||x < m. Since A is a
Hille-Yosida operator from Proposition 1, then it generates a locally Lipschitz continuous integrated semigroup
{Sa(t)}+>0 on X [30, Proposition 3.4.3, p.116]. Hence the integrated solution writes as

U(t)x =Ta,(t)x + % (Sax (FoU()x)(t)) (24)

where * denotes the convolution product:

(Sax )t / Sa(t—s)f(s)ds
Ap is the part of A in X defined as
Aoz = Az, Yz € D(Ap) :={z € D(A) : Az € Xo}.

and where {T'4, }1>0 is the Cy-semigroup on X, generated by Ao, which exists by using the Hille-Yosida theorem.
From (24) we deduce that for every s € [0,¢):

Uls)y = U(s)z = Ta,(s)(y —x) + % (Sax (FoU()y) = (FoU()x))(s))-
From [36, Lemma 2.2.10, p. 65], we have p(Ag) = p(A) whence (by Proposition 1):

T4 (s)(y — o)l x < e™°lly — zflx <6, Vs €[0,¢].

Using Kellermann-Hieber theorem [36, Theorem 3.6.2, p.133], it comes that for any 7 > 0 and any f €
L'((0,7), X), the maps t — (S * f) (t) are continuously differentiable and for all ¢ € [0, 7] then
d t
GO et [ fo)ds (25)
0
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Using (25) with f = FoU()y — FoU(.)z € L'([0, 1], X) leads to
U(s)y = Ul <5+ [ IPWE) - FU(©a)]xde, s € o1l
It follows from Proposition 2 that
IU(s)y = V(s)ellx < 6+c | U©)y - U©)llvde, s € 0.1

which leads by means of Gronwall’s inequality to
U(s)y —U(s)zl|x < cme®d <e, Vsel0,t].
This ends the proof. O

Proposition 6. For every T € Xy, the function Lo is a Lyapunov function on w(ZT) whenever Ro < 1.

Proof. LetZ € X;. By Proposition 5, the function (t,v) — Lo(®:(?)) is well-defined on Ry x w(Z). Let
v € w(Z) and suppose that v = (0,7) € D((A+ F)o) N Xo+ where

D((A+ F)o) = {z € D(A) : Az + F(z) € Xo}.

Then, the solution of (7) with initial condition v, which we denote by (0, sy, in, T, Sy, I,) for convenience,
belongs to C1(Ry, X )NC(R,, D(A)) by using [36, Theorem 5.6.6, p.242]. It follows that the functions sy (t,.),
in(t,.) and rp(t,.) are in WHH(R,) for each t > 0. We first compute the three following quantities:

i(/owwaﬁh(t,a)da): /Ooowa 0uin(t,0) + Bol@) L (£)sn (£, 0) — (un(a) + 8(a) + 1 (a))in(t, a)) da
_ /ww%a)z‘h(t,a)dw / (B (@)L (B)s(t, @) — (un(a) + 5(a) + r1(a))in(t, a)) da
/ﬂh madw/ Bu(a)(a) L, (t)sn(t, a)da

d (I( fio Lo (t)
dt<50>_ 50 / Br(a)ip(t,a)da — S0

a4 (g (ng(f’)) - & (1 - Sfft)) (Av =50 [ Arlayinta)da - quv(t)>

_ (M?Q(t)) <1 _ Sf?t)f _ Sgg) /0 " Bu(@)in(t, a)da + /0 " Bu(@)in(t, a)da

for every ¢t > 0. Summing all the terms, we can compute the derivative of Ly and see that it simply becomes:

d%(it@)):( a )(M / Bu(@)(a)sn(t,0)S? da—l) (M”‘;;S(t)>(1—sf?t)>2 (26)

for each t > 0. It follows that

mwor= a0 [ (552) (G [ momomeonsi-1) - (5) (1-5855) )

(27)

and

Now, we want to get the same equality when v ¢ D((A + F)o) N Xo4+. Let t > 0 and ¢ > 0. By density of
D((A+ F)o) N Xo4 into Xo4 (see [36, Lemma 5.6.7, p.243]) and by using Lemma 4 we know that there exists
ve := (0,7:) € D((A+ F)p) N Xo4 such that

[ve —vllx <e, sup [|®4(v) — @s(ve)l[x < e
s€l0,t

With the expression of Lj, one may note that

|L()(<Dt(i}\)) - L()((I)t(i}\e)” S 61(5), Cl(E) — 0

e—0
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since we have

p @} (D) _y ;" (0.) L4 et | Bnll Lo Ch
58 S'g SO My

(by combining the mean value inequality with the lower bound (23)). Now, rewriting for simplicity the right
term of (27) as

Lo(v) + L(0)(t)

then one may show that we have

|Lo(2) + L(®)(t) — Lo(V:) — L(0:)(8)| < [Lo(0) — Lo(@:)| + [L@)(t) = L(@:) ()] < ea(e),  eale) — 0.

e—0
Since we have Lo(®(9.)) = Lo(.) + L(7.)(t) then it comes
|Lo(®:(0) = Lo(0) = LD)(t)] < [Lo(P+(0)) = Lo(®:(D:))| + |Lo(®4(3:)) = Lo(@) — L@)(1))| < ea(e) + ea(e).

The latter equation being true for € > 0 as small as wanted, then (27) is true and holds for any ¢ > 0. It follows
that the equality (27) also holds for every © € w(Z). By continuity of the terms under the integral, the equality
(26) also holds for every ¥ € w(Z). Finally, using (8) and letting ¢ — oo, we see that

sn(t,a) = ®" (v)(a) < Ape Jo 1% = o) (q)

for each ¢t > 0 since U € w(Z). We deduce that

dLO(:Zt(ﬁ)) - (“”éé(t)) (R2 1) (ﬂvgg(t)) <1 _ Sf?t))z <0 (28)

since Ry < 1 and consequently Lg is a Lyapunov function on w(Z). O
Using the Lyapunov functional defined above and the Lasalle invariance principle, we can compute the basin
of attraction of the parasite-free equilibrium, which is the main result of this section.

Theorem 3. If Ry <1 then Ey is globally attractive in X.

Proof. Suppose that Ry < 1 and let ¥ € X} so that w(Z) C Xy. Let v € w(Z). Since w(Z) is invariant,
it follows by definition (see [20]) that there exists a complete orbit v(v) := {#(s),s € R} C w(Z) through v.
From Proposition 6, we know that Lg is a Lyapunov function on w(Z) (and in particular on v(?)). Using [52,
Prop. 2.51 p. 53] we deduce that Ly is constant on «(¢) and on w(z). Since v(v) C w(Z) which is compact,
then v~ () := {¢(s),s < 0} is relatively compact in X and non empty. From [52, Theorem 2.48, p.52] the
alpha-limit set «a(¢) is non-empty, compact, invariant, connected and lim;_, o d(¢(t), ®(¢)) = 0. We show that
a(v) is reduced to Ey. Let Z:= (s, in, n, Sv, L) € a( ). Since a(?) is invariant then there exists a complete
orbit y(Z) := {¢2(s),s € R} C a(?) on which Ly is constant. It implies that

d

£L0(<I>t(¢2(s)) =0, Vt>0 and VseR.

From (28) we get ®;° (¢2(s)) = SO for every s € R and every t > 0 (whence for every ¢ > 0 since ®5" (¢a(s)) =
2 (po(s — t)) = SY for every t > 0). In particular, taking s = —t leads to S, = <I>S (pa(—t)) = SY. Also,
since () C w(Z) then from (10) we deduce that ®57(da(s)) + I (¢a(s)) = u: for every (t,s) € Ry x R,

hence ! (po(s)) = 0 for every (t,s) € Ry x R (and in particular I, = 0). It follows, by using (13), that
;" (Pa(s),a) = 0 for every (¢,s,a) € Ry x R x [0,¢]. Actually we even get

Dir(po(s),a) =0, Y(t s,a) € Ry xR xRy
since for every a > t we remark that
B} (¢a(s),a) = B (da(s — a),a) =0, V(t,s,a) € Ry x R x [t,+00)
whence iy, = 0. Again with (13) we get
O (pa(s),a) =0, and B (pa(s),a) = s%(a), V(t,s,a) ERy x R x Ry

hence z = Ey and a(0) = {Ep}, i.e. limy, oo d(¢p(¢),{Eo}) = 0. Since Lo(Ep) = 0 then we have Lo(¢(s)) =0
for every s € R since Lg is a Lyapunov function on (7). This implies that Lg is constant on (v). Following
the above arguments, we show that ¥ = Ey. In conclusion w(Z) = {Ep} for each T € X, and Ej is globally
attractive in A,. O
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3.4 Global stability of the parasite-free equilibrium

In this section, we handle the stability of Ey in the case Ry = 1 that is when the principle of linearisation fails
(see Proposition 4). In [16], the stability was proved by making use of the Lyapunov function and the idea that
taking an initial condition close to the equilibrium is equivalent to have a Lyapunov function small enough at
this point, thus controlling some energy at each time. In our case, it cannot directly be applied since we have a
Lyapunov function on w(z) for each z € X4, so it is difficult to control the energy through time. However, using
estimates on sp, on S, and using the Lyapunov function Ly we can then deal with the stability by showing
directly the definition.

Theorem 4. Suppose that Rg = 1, then the disease-free equilibrium Ey is Lyapunov stable.
Proof. Lete>0,n>0and z:= (s}, i}, r],S7,11) € Bx(Ey,n), implying that ||Ey — Z||x < n. Without
loss of generality, we suppose that n < 1. We still denote
(sha ihv Th, Sv7 Iv)(t) = q)t(/z\)

the solution of (1) at time ¢ > 0 with the initial condition Z. The goal is to prove that for  small enough, then

we have:
[®:(2) — Eollx < ¢

for each ¢t > 0. Using (8) we see that the following estimates hold:

59 (a) ift>a
sp(t,a) <{h . 29
h( ) — {(SZ + 7/2 + 7"2)(& _ t)e_ fa_t ,U‘h(S)dS lf a 2 t ( )
s9(a) ift>a
in(t,a) <t o
wta) < {(SZ +i) +r])(a—t)e” Jocemn(®)ds g0 > ¢

and using (10) we get
Sy(t) < SY + 2ne ot I,(t) < 8% 4 2peHt

for each t > 0. Reminding (26) and using (29), we see that:

d%(;;t(v)) _ < A ) <M/ Bu(a)(a)sn(t, a)Syda — ) - <ﬂ§0(t)) (1 - szt)f

< IL,(®)|1Bvt|| Lo / (sh — sh +zh + rZ)(a —t)e” Ja_smn(s)ds g,
t

< (Sy 4 2ne™") 30| By || Lo e™HO
< Cne*liot

for each t > 0 where C' is some constant given by the parameters and that is independent of 7. It follows that

Lo(®4(2)) < Lo(®o(Z / Ce=hods
S IZ] C’I] —pot
/ v d“+g<50>+53+u0“ )
S Sy Cn, -
<7I||7/1HL°°+@— n(SO) —1+§+7(1_6 uot)

1 C Sy SY
< (Il g+ S )+ B () -1

1 C 1 S
Sn(wllmo+50+ +50>+5331

1 C 1 N
< oo — — —
_n(d)IIL +So+u0+sg>+sg—n

v

where we used the fact that In(z) < x — 1. Still without loss of generality, we can suppose that n < “ so that

~ 1 C 1 2
Lo(®(2) < 0 (I0llim + g5+ =+ g+ ) < Can
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for each t > 0, with some constant C5 independent of 1 and ¢. It readily follows, by definition of Lg, that

I,(t) < Co8%n =:C3n — 0
n—0
uniformly in ¢. Using (12), the previous estimate on I, (t) and (29) we get
oo oo a o
/ in(t,a)da < ||ij || re™ " + HﬂvHLwC:ﬂ?/ / sp(t —a+s,s)e S m@dggqq
¢ ¢ Ja—t

< me ot + ||5v||L°°C377/ / (s]+i) +r])(a—t)e” Jooemn(©dg o= [ un ()€ g4 g
t a—t

< pe Mot 4 ||ﬂv||LooC’3n/ (sp + i) + 1) (a—t)e " tda
¢

A
< ne—uot + ||5v||LwC377 (Hh + 377> e Moty
0

6_1

_ A
< et 4 [|By |l Can (h ; 377) <
Ho Ho
<nCy

for some constant Cy. Using (13), we can decompose ip, as follows:
t o]
lintt. )l = [ in(t.apda+ [ int.a)da
0 ¢
t a 00
< / / Bo()Iy(t — a+ s)sp(t —a+s,s)e S 1@ ggqq 4 / in(t,a)da
o Jo t
t a " 00
< ||5v||Long77/ / s%(s)e_fs “’L(g)dgdsda—i—/ in(t,a)da
0o Jo ¢
t
< AlBulli=Can [ ae " da -+ nCs
0
L

< AhﬁvLooCM( i ) -y
Ho Ho

< AhHﬂvHLwCS% +1Cy < Csny
0

for some positive constant Cs, whence ||ip(t,.)] 1 — 0 uniformly in ¢. For rp, it suffices to use (12)-(13) to
n—

get:

/ rp(t,a)da < (/ rZ(a)da) e kot | 7‘“1"”0 Csn (1 — e*uot)
0 0

Ko

< ne*““t " [71]| L= C5n (1 _ eﬂtot)
- o
< Cen

for some positive constant Cg so that [|r,(¢t,.)|| =, 0 uniformly in ¢. To prove the estimate on S, we remark
n—
that:
S;(t) > AU - ||5hHL°°05775v(t) - Mvsv<t)

leading to
A
S, (1) > Sge—(\IBhIILoocsnwv)t + v (1 - e_(HBhHLoocsnwu)t)
“ B i=Con T 1o

whence

ﬂ —S,(t) < ﬂ _ Ay + e~ UBnllizoe Csntp)t ( A, _ S")

o to  BrllLeCsn + po 18nl Lo C5m + po

AyHﬂhHLOOCE,T] + 6_(H5h”L00C577+Mv)t <_ A’UHﬂh”LNC%n + S?) _ S;])
o UU(||ﬂ}L||L°CC57]+UU) Nv(||/8hHL°°C577+Mv)

A, < C
< Hﬂh”; 577+n

v
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Moreover, using (10) we know that:

so that

for some positive constant C7 so that |S,(t) — S| —e 0 uniformly in ¢. Finally, for the estimate on sp,, we see
n—

on one hand with (8) that:
sultya) = si(a) < (5] = s 3]+ 1) (@ = e o gy,
On the other hand, we have, by using (12)-(13):

sT(a —t)e” Ja o (Bu($)Cantpn(s))ds 3¢ s ¢
Sh(t7 a) Z h _ fa . B
Ahe f(] (5v(5)03?7+#h(5))d5 lf a < t

Suppose that a < t, then the two latter equations lead to
0> sp(t,a) — S(;)L(a) > Ape” Jo" pn(s)ds (67 Jo' Bu(s)Cands _ 1) .

It follows that
t ¢
/ |sn(t,a) — sg(a)|da < Ah/ e Mo (1 — e_”B'””L“’CWa) da.
0 0

The function a —3 e~#0® (1 — e~ lIAvllz=Csma) i5 hounded above by the function a — e~#0® which is integrable
on R, and independent of n. Moreover, we see that

o—Hoa (1 _ e*||/5v\|L°<>Cs?7a> =0
n—0

for each a > 0. Consequently, by using Lebesgue’s dominated convergence theorem, we have

t
/0 |5k (t,a) — 59 (a)|da o 0
uniformly in ¢. Now, suppose that a > ¢, then
su(t,a) — s9(a) > s9(a— t)e*.ffﬂ pn(s)ds (67 L&, Bu(s)Csn _ 1) + (sl (a—1) - 0 (a— ) o= o (Bu()Cantpn (s))ds
It follows that
[ lsnlts0) = shi@lda < (1 = shllos + 1iflls + rflln) e+ [ shia = g om0 (12 e Jiase10mY gy
¢ t
< 3pe ot 4 Ay /Oo e Jo mn(s)ds (1 _ e*HBUHLooC:mt) da
t

< 3ne Mot 4+ Ay /00 e~ Jo pns)ds (1 - ef”ﬁ“HL‘x’CW“) da — 0

t n—0
uniformly in ¢ by using Lebesgue’s theorem once again. Gathering all previous estimates, we obtain:

lim ||®+(Z) — Eollx =0
n—0

uniformly in ¢. Consequently, considering small enough 7 proves the stability of Ey whenever Ry = 1. O
The local stability obtained in Proposition 4 for Ry < 1 and Theorem 4 for Ry = 1, combined with the
attractiveness proved in Proposition 6 lead to the following result.

Theorem 5. The parasite-free equilibrium Ey is globally asymptotically stable in Xy whenever Ry < 1.

It is worth noting that in [35], the stability was handled by proving the existence of a global attractor that
is stable provided that it attracts all compact subsets of a neighbourhood of itself (see [26, Thm 3.3.2, p. 38]
or [52, Thm 2.39, p. 47]), then reducing this attractor to the corresponding equilibrium point (parasite-free or
endemic equilibrium) proves both the stability and the attractiveness.
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3.5 On the endemic equilibrium

The search of endemic equilibrium is hard to investigate in the general case. First we handle the case without
reinfection, that is we suppose:

Assumption 3. We assume that ro = 0.
Theorem 6. Under Assumption 3 the model (1) has a unique equilibrium.

Proof. A steady state E* = (s}, 45,5, S5, I¥) of the model (1) is given by the following equations:

(s3)'(a) = —Pu(a)sj(a) ]y — pn(a)s(a)
(22)’/(0) = Bu(a)sy ()L = (pn(a ;rﬁ(a) +0(a))iz(a)

(ri)'(a) —7“1( Jip(a) — uh( )ri(a (30)

0 S* fo (a)i}(a)da — p, Sk

0 —9 &UM) —wl;
It follows that o )

o A, o Ay [y Bnla)iy(a)da
C e+ o Bula)ii(a)da’ " e+ [y Bula)i;(a)da)
and
( ) Ahe fg (BU(S)I*+llIL(S))dS

AT / By (s)e— Ji (Bu (T +1n(©)dE o= [ (un (€ +ra (€)+5(€))e g

Multiplying the latter equation by S;(a) and integrating w.r.t. a we get
oo a Ao B (&) [§° B ()i}, () d=
1= AhAU Bh(a) ﬂv(s) fo ;LU([/Avj-jOO ;Zh(z)lh’?z)d{i)+uh(§))d567 f:(l’”"(§)+T1(£)+6(§))d£d8da.
Hy (ﬂ'v +f0 ﬁh ( )dZ)

Writing the latter equation as 1= f( [, B (2)i};(2)dz), where f : R; — Ry is a continuous decreasing function

with f(0) = Ro > 1, we deduce that there exists a unique positive solution to f(z) = 1 which is fooo Br(2)i5(z)dz.

It follows that there exists a unique solution to (30) and then a unique equilibrium to (1). O
Now, we assume that Assumption 3 does not hold but we neglect the age-dependency of the parameters:

Assumption 4. We assume that the parameters By, Py, 71, T2 and py are constants.
Theorem 7. Under Assumption 4, the model (4) has a unique equilibrium.

Proof. Since Assumption 4 holds, then (1) rewrites as (4) after integration w.r.t. a. The formula of the
basic reproduction number simply becomes:

0 0
%:¢ BSY By
:U/h+6+r1 My

with SO = % and Sh = /L—h The search of endemic equilibria brings us to
Ap+ 1R}, = (Bul] + 1n)S;,
B3 S} = (un + 0+ 1)1}
rlj — (s + )R} (31)
A, = BnSyIy, + Sy
BuSST; =l
Then we get

" « _ BrSIBu IS
U w0+

_ < B Sy Bul,; > " <Ah+T2R;§>
pn 40+ Bol¥ + pin
Bul} ) . ( rorily >
= X BpSy | Ap + ——
<(Mh+5+h)(5vf$+,uh) Pn h ro + L

) < (i (G- ) + )
= x Zoopr) ¢ 2 )
((uh+6+n)(ﬁv15+uh) mn ra + pin
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whence either

A v Av % v
I:: =0 or Mv(ﬁvl;k + ,uh) = hnf ( I ) ( riraf

pn+0+r \ o T2 4 pn)(pn + 0 + 11

J750
)
leading, if I} # 0, to

=c (Rg — 1)
where
_ fon o (pon + 6+ 71) (pn +72)
ﬁv“v(ﬂ“h + d + Tl)(,u'h + TQ) + Ahﬁvﬁh(ﬂh + 7“2) - 5vuvr1r2

if Rg > 1. It follows that

A AT i rily Ap + 72 R},
Ih -

Moy B 5hS:7 h ] +,Ufh7 b ﬂvI: +,Uh '

* *

O
We end this section with a proof of local asymptotic stability of the endemic equilibrium in a specific case.

Theorem 8. Under Assumptions 3 and 4, the unique endemic equilibrium E* of (4) is LAS.

Proof. The existence and uniqueness of E* is shown in Theorems 6-7, and the components are explicited
in the proof of Theorem 7 (with ro = 0). Linearising the system (4) around E*, we get

Slll(t) = _61)I:Sh(t) - ﬁvIv(t)S;; - /J/hSh(t)

I}/L(t) = ﬂv[ssh(t) + BvIv(t)S}t — (un + 6+ r)IL(¢)
Ry, () =ridn(t) — pnRa(t

S,(t) = —=PnSiIn(t) — BrnSy(t)I}; — poSy(t)

L(t) = BrSyIn(t) + BrSu(t) I — poly(t).

The eigenvalues A € C then satisfy the following system:

()‘+Mh+6'ul*)5h = _B’UI’US;;

()‘+Mh+6+rl)lh = BUI:Sh""ﬁvIvS;;

(A + un) Ry = rl, (32)
A+ po + Brl;)Se = —BrSyIn

(A + o) Ly = BnSyln + BrSul}.

The first two equations of (32) lead to

Bul )
A 1) I, =B8,1,8|1— ——MY%
A+ pup+6+r)p=0 h( Nt Bl

while the last two equations of (32) give
(A + 1) (Sy + I,) = 0.

If A = —p, < 0 then X is a negative eigenvalue, otherwise I, = —S,. From the fourth equation of (32) we

deduce that
Bul;, ) BrSylIn
)‘+Nh+5ng )‘+,U'v+ﬂh1;:.
If I, = 0 then (Sh, In, Rp, Sy, I,) = 0 and A is not an eigenvalue. Otherwise we get p(A) = 0 where

AN+ pp+6+7m)In = 5,55 (1 —

PN = At pn + 0 +11) (A o + Bl ) A+ pn + Bo L) = BrBoSpSy (A + pn)

which rewrites as the third degree polynomial function p(\) = azA® + a2A? + ay A + ag with

as =

ag = (pn+0+7r1)+ (o + Budfy) + (pn + Boly)

ar = (un+0+71) (o + Brly) + (pn + 0 +7r1)(pn + Bolyy) + (o + BrIy) (pn + Boly) — BrBuS; Sy
ap = (pn+ 04+ 71) (o + Budy)(pn + Buly) — nBrfoSy S

(33)
We readily see that ag > 0 and ag > 0. From (31) we deduce that

BthS:S;; = Nv(/ffh + ) + Tl)
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whence
ar = By (pn + 0 +7r1) + (pn + 0 +7r1)(pn + Boly) + (o + Buly) (pn + Bolyy) >0

and
ao = (pn + 6 +71) (o + Brdp) (pn + BuLy) — pinpes) > 0.

To find the roots of p with non-negative real part, we use the criterion of Routh-Hurwitz. We compute

as ay asao
= as — .
a2 G ai

It follows that by > 0 <= asa; > ag. We see that

-1
a1

by =

agay > (pn + 0 +11) (o + Budy) (e + Boly) > ao

a2 ag\| _
(bl O)‘—a0>0.

We conclude by the criterion that there exists no roots of p with non-negative real part, hence E* is LAS. [

whence b; > 0. Finally we compute

-1
cp = —
0 by

4 Numerical simulations

In this section, we show numerical simulations to validate the previous theoretical results and provide insights
into the stability of the endemic equilibrium.

4.1 Numerical scheme

The numerical method for the model (1) is based on finite volumes methods. We introduce At and Aa, the
constant time and age steps respectively. Denoting [a] the upper integer part of a, we define N, = [amax/Aa]
and Ny = [T/At] where amax and T are respectively the maximal time and maximal age of the numerical
simulation.

Let us introduce the points a;,1/, = jAa, for 0 < j < N, and the cells K; = [a;_1/2,a;41/2[, the centers of
the cells a; = (7 —1/2)Aaq, for 1 < j < N, and t" = nAt for 0 <n < Np. For 1 <j < N, and 0 <n < Np, we
denote by sj, ., 4}, ; and 1y ; respectively the approximation of the average of sp(t™, ), in(t™,-), rp(t™, +) on the
cell K;, namely

1 _ 1 _ 1
Shy = E/K‘Sh,o(a)day in, = E/K%h,o(a)da, Thy = E/th,o(a)da

and

1 , 1 , 1
Sk & Aa/Kj sp(t",a)da, ip ; =~ Aa/Kj in(t",a)da, 1y~ AG/Kj rp(t", a)da

for every n > 1. We also define

S0 =S,0, I)=1,p.
For 1 <j < N,, we let

1 1 1
8o = ng [, lde, g = 50 [ antande, g =50 [ e

1 1 1
0j = Aa/xj d(a)da, ;= Ao /Kj ri(a)da, 12, = <= /Kj r2(a)da.

The numerical scheme is :
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Sy 4+ Ay At

Sn+1 —
v
1+ AtAa ZJ 1 Bh,jzh] + py At
gl — I"—I—AtAaZJ “) Bh.gin Syt
v 14+ Aty
A
gl — SZ,j( - 7) + AZShg 172,57 gAt
hj 1+ Atﬁwfnﬂ + Aty 4
: At ; 1.n+1
Z-n-‘rll — ZZJ( )+ Aazh] 1+At511]]n+ SZJ
h.j 1 + At(pn,; + 6 +11;)
(1 — )—l—Atr + LA
ntl _ h,j Aa' h,j—1 1,5%,5
hi 1 + At(raj + ping)

for every n > 0 and j > 1 with the boundary conditions :

n+1

ShO —Ah
-n+1 _
o =0
n+1

Tho =0

4.2 Parameters

For the numerical simulations, we choose the parameters summarized in the Table 1. The function § is an
interpolation of the data retrieved in [53] for Burkina Faso, Ouagadougou case. We consider Aj, = 10°x3.37-1072
with 3.37 - 1072 the 2023 crude birth rate in Cameroon [55] and a total human population of 10° inhabitants.
We assume that the initial human population is at the parasite-free equilibrium, that is

e d o _
sno(a) = Ape Jo" 1 (s) S, ipo=0, Tho=0.

We consider logistic functions 1, 79 such that r1(0) = 0.5, lim,—, { o 71 (@) = 6 corresponding to the time recovery

estimated in [3, 39] and where r2(0) = 1,lim,—, 4 72(a) = 1/5 corresponding to a period of immunity between
1 and 5 years as assumed in [12]. We decompose the force of infection A,(t) as
0 a)ip(t,a)da
Ao(t) = Jy_ Glalintt,

A [ e fo 1 (€)dE

where:

’ih(t a)
Ah f e~ o mr(€)d gg
lation given by the parasite-free equilibrium),

is the proportion of infected human of age a at time ¢ (supposing a constant popu-

o 0 is the human feeding rate, that is the expected number of bites on humans per mosquito per year, taken
as 0 = 0.6 x 365 [11],

« G(a) is the probability that a human of age a transmits the infection to a susceptible biting mosquito
which is considered as

G(a) =7.1-1072(Go(a))>0210""
(see [6]), with G(a) the mean number of gametocytes for a human of age a, estimated in [13].

Similarly, we decompose the force of infection A\, (t,a) as

0, Go(a) L, (1)
Goll oA fy< e Jo mr(@degs

An(t,a) =

where (‘3 ijﬁig is the probability that a susceptible human of age a gets infected from a mosquito bite, with G

describing the vulnerability for humans to be infected and normalized such that the maximum is BU which is
estimated in [12].

The parameter A, is adjusted to obtain different values of Ry. As in [11] we assume a mosquito life
expectancy of 20 days leading to p, = 365/20 year—!, despite the high variability of this parameter in practice
(see [48] and the references therein for a discussion on this topic). Finally, we consider a susceptible mosquito
population at the parasite-free equilibrium, S, o = %, while I, o is allowed to vary.
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Parameters | Value Unit References
Ap 3.37-10% year—1 | [57]
un(a) 5.8 (2 <1073 +9-1072e 210 10_469'1072‘1) year—1 | [69]

5(a) 107 (6.58 - 107 1e 34051070 g 10 1eA441070) | yeqrt | 53]
r1(a) 6 (1+ 11e-005a)=1 year—1 | [3, 39]
ro(a) (5 — 4e=005a)~1 year—1 | [12]

A, Varies year—1 | Assumed
I 18.25 year_' | [11]

0 219 year—1 | [11]
Go(a) 22.7ae~ 00934 no unit | [13]

G(a) 7.1-1072(G(a))30210" no unit | [6]

Bi(a) 0-Gla) - (An Ji~ e Jo m (0% gs) T year ' | [45]

Bu 0.022 no unit | [12]

By (a) 0 - B,Gola) - |Gollx - (Ap [~ e Jo mn(©)dEgs) T year—! | Assumed

Table 1: Parameters for the numerical simulations of (1)

4.3 Simulations

In the Figure 1, we set A, = 5-10° leading to Ry ~ 1.52 and we consider four different initial conditions:
Lo € {103,10%,105,2 - 10°}. Each solution converge to the same endemic equilibrium. In the Figure 2, we
set A, = 1.5- 106 leading to Ry =~ 0.83 with the same four initial conditions. We plot in log scale to see the
decreasing of the solutions to the parasite-free equilibrium.

Populations of mosquitoes for Rgp = 1.52 1e6 Populations of humans for Rp = 1.52

1.0
®
— 5u(t) —— [sult,a)da
250000 1 () 0
Y =
05 — [, it a)da
=
200000 - ID r(t, a)da
0.6
150000 -
0.4
100000 -
50000 - 0.2 1
0 0.0 “=
: : ; : ; ; : . : ; :
0 5 10 15 20 25 30 0 5 10 15 20 25 30
t t

Figure 1: Convergence to an endemic equilibrium when Rg > 1 for different initial conditions
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