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4Department of Mathematics and Computer Sciences, Faculty of Science, University of

Ngaoundere, Cameroon.

Abstract

This paper proposes and analyzes a malaria transmission model structured by the chronological age of the
human host population. The model couples an age-structured SIRS system for humans, incorporating waning
immunity, with an SI system for mosquitoes under mass-action transmissions. Using integrated semigroup
theory and spectral analysis, we establish the well-posedness of the model, derive the basic reproduction
number, and prove the global asymptotic stability of the parasite-free equilibrium by using a Lyapunov
functional, when R0 ≤ 1, thereby excluding the possibility of backward bifurcation. Numerical simulations
further suggest the global stability of the endemic equilibrium when R0 > 1.

Keywords: Malaria; Age-structured model; Global stability; Integrated semigroups.

1 Introduction

Malaria remains the most widespread and deadly parasitic disease worldwide, with 263 million cases and more
than 597,000 deaths reported in 2023 [43]. It continues to pose a major public health challenge, particularly in
the WHO African Region, which bears the greatest burden of the disease. In 2023, this region accounted for an
estimated 94% of malaria cases and 95% of deaths globally, with 76% of these deaths occurring among children
under the age of five [29, 43]. Although children under five and pregnant women are the most vulnerable groups,
recent studies show that older children and young adults (aged 5-30) have a higher infection prevalence and
constitute the largest human reservoir for mosquitoes [14, 22]. These observations highlight the importance
of incorporating host age structure into malaria transmission models in order to capture more accurately the
underlying epidemiological dynamics.

Mathematical modelling of malaria transmission dates back to the pioneering work of Ross in 1911 [50].
Since then, numerous models have been developed to study this vector-borne disease, integrating a variety
of parameters to better understand transmission dynamics and improve control strategies (see [7, 27, 32] and
references therein). Most existing models rely on ordinary differential equations (ODEs) [8, 11, 17, 21, 31],
difference equations [30, 33] or delay differential equations that account for incubation periods [15, 51, 59].
Some ODE-based frameworks stratify populations into discrete age classes [1, 5, 23, 24], whereas more recent
approaches use partial differential equations (PDEs) to represent continuous age structure in the host population
[60, 61, 62] or in the vector population [4, 54]. Chronological age can also be incorporated into within-host
models [2, 57]. In addition, several models are structured by infection age (see for example [65, 66]), which
can further refine the representation of within-host dynamics (see [9, 18]). Finally, models that simultaneously
incorporate both chronological age and infection-age structures have been proposed in [47, 48].

In this paper, we propose an age-structured model describing the transmission of malaria parasites between
mosquitoes and humans, in which the continuous structuring variable is the chronological age of the human
population. The model is formulated as a SIRS system for the host population, accounting for waning immunity
[28] and as a SI system for the vector population with mass-action forces of infection. The model is described
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in the next section and is given by:

(∂t + ∂a)sh(t, a) = −λh(t, a)sh(t, a)− µh(a)sh(t, a) + r2(a)rh(t, a)
(∂t + ∂a)ih(t, a) = λh(t, a)sh(t, a)− (µh(a) + δ(a) + r1(a))ih(t, a)
(∂t + ∂a)rh(t, a) = r1(a)ih(t, a)− (r2(a) + µh(a))rh(t, a)
S′
v(t) = Λv − λv(t)Sv(t)− µvSv(t)
I ′v(t) = λv(t)Sv(t)− µvIv(t),
(sh, ih, rh)(t, 0) = (Λh, 0, 0).

(1)

for every t > 0 and a ≥ 0, with the following initial conditions{
(sh, ih, rh)(0, a) = (sh,0, ih,0, rh,0)(a)
(Sv, Iv)(0) = (Sv,0, Iv,0)

(2)

and the following forces of infection

λh(t, a) = βv(a)Iv(t), λv(t) =

∫ +∞

0

βh(a)ih(t, a)da. (3)

After integration w.r.t. a, the model (1) rewrites as
S′
h(t) = Λh − βvIv(t)Sh(t)− µhSh(t) + r2Rh(t)
I ′h(t) = βvIv(t)Sh(t)− (µh + δ + r1)Ih(t)
R′

h(t) = r1Ih(t)− (r2 + µh)Rh(t)
S′
v(t) = Λv − βhSv(t)Ih(t)− µvSv(t)
I ′v(t) = βhSv(t)Ih(t)− µvIv(t).

(4)

The ODE model (4) was previously investigated in [25] in the case r2 = 0, i.e. in the absence of reinfection
of recovered humans. In that work, the authors first examined the case where the forces of infection are ratio
dependent (that is, λh and λv in (3) are proportional to the fraction of infected humans or mosquitoes relative to
the total population). They proved the existence of a backward bifurcation, meaning that two endemic equilibria
may exist when the basic reproduction number R0 is close and slightly below one. They then considered the
case where the forces of infection follow a mass-action formulation, showing that only a forward bifurcation can
occur: a unique endemic equilibrium exists only when R0 > 1, while the parasite-free equilibrium is globally
asymptotically stable (GAS) for R0 ≤ 1.

This line of investigation was extended in [41] to the case r2 ̸= 0. In a more general model incorporating
repeated-exposure immunity, the authors showed that in the ratio-dependent case, both their general model
and (4) (see also [40]) exhibit backward bifurcations. In contrast, in the mass-action case, backward bifurcation
may occur in the general model (where multiple infections are possible), whereas only forward bifurcation arises
for (4). They also proved that the parasite-free equilibrium is locally asymptotically stable (LAS) if R0 < 1.

It is worth noting that in [41] a proof of the global stability of the endemic equilibrium is proposed in the
case r2 = 0. However, in the computations of the derivative of the Lyapunov candidate function, it is implicitly
supposed that the forces of infection are constant while they should depend on both susceptible and infected
populations. As a result, some terms cannot be cancelled as claimed.

In [10], a similar SIR/SI model (corresponding to (4) with r2 = 0) is analysed with an additional reinfection
term allowing recovered humans to return to the infected compartment. The authors show that backward
bifurcation occurs in the ratio-dependent case, whereas only forward bifurcations appears in the mass-action
case.

In [49], the authors investigated a related SEIRS/SEI model with various incidence functions. They estab-
lished the existence of backward bifurcation in the ratio-dependent case, while only forward bifurcation arises
for Holling type I (which corresponds to mass-action) and type II incidence functions. The same study also
proposes a proof of the GAS of the endemic equilibrium under strong assumptions. However, in the computa-
tion of the derivative of the Lyapunov candidate function, arguments of the form “if Sh < S∗∗

h and Eh > E∗∗
h

then 1 − ShE
∗∗
h

S∗∗
h Eh

> 0” are used to establish the non-positivity of the derivative. Such arguments are not valid

unless it is first shown that the solution remains within an appropriate positively invariant set, which is not
demonstrated in the paper.

In [31], another related SIR/SI model (which reduces to (4) with r2 = 0 for particular parameter values)
is studied with the addition of vaccination compartments. Once again, the authors establish the presence of
backward bifurcation in the ratio-dependent case but not in the mass-action case. They also analyse the stability
properties of the equilibria, proving the GAS of the parasite-free equilibrium when R0 < 1 and the LAS of the
endemic equilibrium when R0 > 1.

All other references mentioned above consider models that either employ ratio-dependent forces of infection
[1, 8, 11, 17, 21, 23, 24, 47, 48, 61, 62] , which typically lead to backward bifurcation, or study SIR/SI-type
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models without reinfection of recovered humans [9, 60, 66], or assume non-constant immigration rates [5, 65].
See also [37] for a review of the various compartmental models proposed in the literature.

To summarize, two properties were previously established for the ODE model: the local asymptotic stability
of the parasite-free equilibrium and the existence of only a forward bifurcation [41]. The analysis of the PDE
model (1) presented here is new and involves two main difficulties: first, the structured of the model itself
(SIRS/SI), and second, the age-structure of the human population. Indeed, in [42], the authors studied an age-
structured SIRS model without vector and left open the question of the uniqueness of the endemic equilibrium
when R0 > 1. In the present paper, we mainly prove the global asymptotic stability of the parasite-free
equilibrium when R0 ≤ 1 thereby ruling out the possibility of backward bifurcation, and extending existing
results.

In section 2, we present the PDE model (1) and establish the framework required to prove the well-posedness
of a global positive solution using the theory of integrated semigroups. In Section 3, we first derive the basic
reproduction number R0 by means of the next-generation operator. We then linearise the system around each
equilibrium, obtaining linear C0-semigroups, and apply spectral theory to determine the local stability of the
parasite-free equilibrium when R0 < 1 and its instability when R0 > 1. In this section, we also employ classical
results from dynamical systems to study the attractiveness of the parasite-free equilibrium when R0 ≤ 1, using
a Lyapunov functional defined on certain omega-limit sets. This Lyapunov functional further allows us to
establish the global stability of this equilibrium in the case R0 = 1. This section concludes with the existence
and uniqueness of the endemic equilibrium in the ODE case and in the PDE case when r2 ≡ 0. Under these
two assumptions, we prove the local asymptotic stability of the endemic equilibrium. Finally, Section 4 presents
several numerical simulations for the PDE model, which suggest the global asymptotic stability of the endemic
equilibrium when R0 > 1.

2 Well-posedness and global solution

2.1 Model formulation

As presented in the introduction, in this paper we focus on the age-structured mathematical model of malaria
transmission with waning immunity described by (1). As humans might be repeatedly infected because they
have not acquired permanent immunity, it is assumed that the human population is described by the SIRS
(Susceptible-Infected-Recovered-Susceptible) equations. Recovered human hosts have temporary immunity that
can be lost and are again susceptible to reinfection. On their side, mosquitoes are assumed not to recover from
the parasites infection due to their short lifespan. Consequently the mosquito population is described by the SI
equations. All newborns are susceptible to infection, and the development of malaria starts when the infectious
female mosquito bites the human host. The vectors do not die from the infection or are otherwise harmed. In
the model, the parameters have the following biological meaning:

• Sv(t) and Iv(t) respectively, denote the number of susceptible and infectious mosquitoes at time t ≥ 0.

• sh(t, a), ih(t, a) and rh(t, a) respectively denote the number of susceptible, infectious and recovered humans
of age a ≥ 0 at time t. Also for any a1, a2 ∈ (0,+∞), a1 < a2, the quantity

∫ a2

a1
sh(t, a)da denotes the

total number of susceptible individuals at time t of ages between a1 and a2. In particular
∫ +∞
0

sh(t, a)da
is the total density of susceptible humans at time t and

Nh(t) =

∫ ∞

0

(sh(t, a) + ih(t, a) + rh(t, a))da, Nv(t) = Sv(t) + Iv(t)

are respectively the total population of humans and mosquitoes at time t.

• λh(t, a) is the age-dependent infection rate of susceptible humans (following contact with infectious
mosquitoes) of age a at time t defined by (3) where βv(a) is the parasite transmission rate from mosquitoes
to humans of age a.

• Susceptible adult mosquitoes acquire infection, following effective contact with an infectious human (via
a blood meal), at a rate λv(t), given by (3) where βh(a) is the parasite transmission rate from humans of
age a to mosquitoes.

• Λh and Λv respectively denote the human and the mosquito recruitment rates while µv denotes the natural
death rate of mosquitoes.

• The age-dependent functions µh, δ, r1 and r2 are respectively the natural death rate, per capita parasite-
induced death rate, per capita recovery rate and the per capita rate of loss immunity for human individual.

We end the description of the model with the following assumption.
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Assumption 1. We suppose that:

1. There exists µ0 > 0 such that µh(a) ≥ µ0 > 0 for almost every a ≥ 0 and µv ≥ µ0,

2. Λh > 0, Λv > 0, µv > 0,

3. βv, βh, µh, δ, r1, r2 ∈ L∞
+ (0,+∞).

In all that follows we suppose that Assumption 1 holds.

2.2 Abstract Cauchy problem

To prove the existence of solutions of the system (1)-(2), we follow [36] and use integrated semigroup theory
whose approach was introduced by Thieme [56]. We first put the system (1) in the form of an abstract Cauchy
problem.

In all that follows, let us define the Banach space X = R ×
[
L1(0,∞)

]3 × R2 endowed with the product
norm ∥∥∥∥∥∥∥∥∥∥∥∥


κ
sh
ih
rh
Sv

Iv



∥∥∥∥∥∥∥∥∥∥∥∥
X

= |κ|+ ||sh||L1 + ||ih||L1 + ||rh||L1 + |Sv|+ |Iv|

and X+ is the non-negative cone of X that is X+ = R+ ×
[
L1
+(0,∞)

]3 × R2
+. For every constant r > 0 and

x ∈ X, we denote by BX(x, r) the ball of X centred in x and with radius r:

BX(x, r) = {y ∈ X : ||y − x||X ≤ r}. (5)

Let A : D(A) ⊂ X → X be the linear operator defined by

A


0
sh
ih
rh
Sv

Iv

 =


−sh(0)

−s′h − µhsh
−i′h − (µh + δ + r1)ih
−r′h − (r2 + µh)rh

−µvSv

−µvIv


with domain

D(A) = {0} ×
{
(sh, ih, rh) ∈

[
W 1,1(0,∞)

]3
: ih(0) = rh(0) = 0

}
× R2.

One may note that D(A) = {0}× (L1(0,∞))3×R2 and is not dense in X. Let F : D(A) → X be the non-linear
function defined by

F


0
sh
ih
rh
Sv

Iv

 =



Λh

−βvshIv + r2rh
βvshIv
r1ih

Λv − Sv

∫ +∞
0

βh(a)ih(a)da

Sv

∫ +∞
0

βh(a)ih(a)da

 . (6)

We defineX0 = D(A) andX0+ = X0∩X+ = {0}×(L1
+(0,∞))3×(R+)

2. Now by identifying (0, sh(t, .), ih(t, .), rh(t, .), Sv(t), Iv(t))
to x(t), the equation (1) can be rewritten as the following abstract semilinear Cauchy problem in X0{

dx(t)

dt
= Ax(t) + F (x(t)), ∀t > 0

x(0) = (0, sh,0, ih,0, rh,0, Sv,0, Iv,0) ∈ X0.
(7)

2.3 Linear and nonlinear part of Cauchy problem

Here we handle the linear part with the following result.

Proposition 1. The operator A : D(A) ⊂ X is a Hille-Yosida operator with (−µ0,+∞) ⊂ ρ(A) (which denotes
the resolvent set of A) and for all λ > −µ0, (λI−A)−1X+ ⊂ X+. Moreover, for all ω > 0, the operator A−ωI
is also a Hille-Yosida operator.
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Proof. Let (κ, ϕ1, ϕ2, ϕ3, y1, y2) ∈ X and (0, ψ1, ψ2, ψ3, x1, x2) ∈ D(A) such that (λI−A)(0, ψ1, ψ2, ψ3, x1, x2) =
(κ, ϕ1, ϕ2, ϕ3, y1, y2). We have

ψ1(a) = κe−
∫ a
0
(µh(s)+λ)ds +

∫ a

0
ϕ1(s)e

−
∫ a
s
(µh(τ)+λ)dτds

ψ2(a) =
∫ a

0
ϕ2(s)e

−
∫ a
s
(µh(τ)+δ(τ)+r1(τ)+λ)dτds

ψ3(a) =
∫ a

0
ϕ3(s)e

−
∫ a
s
(µh(τ)+r2(τ)+λ)dτds

x1 = 1
λ+µv

y1
x2 = 1

λ+µv
y2

for each a ∈ (0,+∞). Thus we get

||(λI −A)−1(κ, ϕ1, ϕ2, ϕ3, y1, y2)||X ≤ ||(κ, ϕ1, ϕ2, ϕ3, y1, y2)||X
λ+ µ0

.

It readily follows that ||(λI − A)−n||L(X) ≤ 1
(λ+µ0)n

for every n ∈ N; so that A is a Hille-Yosida operator with

(−µ0,+∞) ⊂ ρ(A). The positivity of the resolvent then simply results from the above resolvent formula.
Now we treat the nonlinear part by showing a Lipschitz property and a positivity property of F .

Proposition 2. The function F : X0 → X given in (6) satisfies the following properties:

1. F is Lipschitz continuous on bounded sets i.e.

∀ m > 0, ∃ cm > 0 such that ∀(w,w′) ∈ (BX0(0,m) ∩X0)
2, ||F (w)− F (w′)||X ≤ cm||w − w′||X .

2. ∀m > 0, ∃pm > 0 such that

w ∈ BX0(0,m) ∩X0+ ⇒ F (w) + pmw ∈ X+.

Proof.

1. Let m > 0 and w = (0, sh, ih, rh, Sv, Iv)
T , w′ = (0, s′h, i

′
h, r

′
h, S

′
v, I

′
v)

T be two elements of BX0(0,m). We
have

||F (w)− F (w′)||X ≤ (2m||βh||∞ + 2m||βv||∞ + ||r1||∞ + ||r2||∞) ||w − w′||X .
With L(m) = 2m(||βh||∞ + ||βv||∞) + ||r1||∞ + ||r2||∞, it follows that the first property is satisfied.

2. Let m > 0 and w = (0, sh, ih, rh, Sv, Iv)
T ∈ BX0

(0,m) ∩X0+. We have

F (w) + pmw =



Λh

−βvshIv + r2rh + pmsh
βvshIv + pmih
r1ih + pmrh

Λv − Sv

∫ +∞
0

βh(a)ih(a)da+ pmSv

Sv

∫ +∞
0

βh(a)ih(a)da+ pmIv

 .

Since we have

−βv(a)sh(a)Iv + pmsh(a) = (pm − βv(a)Iv)sh(a) ≥ (pm − ||βv||∞m)sh(a)

for each a ∈ (0,∞) and

Λv − Sv

∫ +∞

0

βh(a)ih(a)da+ pmSv = Λv + Sv(pm −
∫ +∞

0

βh(a)ih(a)da) ≥ Λv + Sv(pm − ||βh||∞m)da)

then it follows that the second property is satisfied once pm ≥ m(||βh||∞ + ||βv||∞).

We deduce the following result about the existence of a local solution.

Proposition 3. For each x ∈ X0+, there exists tmax ≤ +∞ and a unique continuous map U(.)x ∈ C([0, tmax), X0+)
which is an integrated solution of the Cauchy problem (7) i.e.∫ t

0

U(s)xds ∈ D(A), ∀t ∈ [0, tmax]

and

U(t)x = x+A

∫ t

0

U(s)xds+

∫ t

0

F (U(s)x)ds, ∀t ∈ [0, tmax].

Proof. Using Proposition 1 and Proposition 2 it follows from [36, Theorem 5.2.7, p. 226] that there
exists a unique local mild solution to the Cauchy problem (7). Also, the solution is non-negative due to [36,
Proposition 5.3.2, p. 227].
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2.4 Boundedness and global existence

We define the space X = (L1(R+))
3 ×R2 and its positive cone X+ = (L1

+(R+))
3 ×R2

+. We show here that the
solution is global in time due to some boundedness properties, which is the main result of this section:

Theorem 1. For every x̂ = (sh,0, ih,0, rh,0, Sv,0, Iv,0) ∈ X+, there exists a unique mild solution (0, sh, ih, rh, Sv, Iv) ∈
C([0,∞), X+) that induces a globally defined strongly continuous semiflow via

Φ : R+ ×X+ ∋ (t, x̂) 7−→ Φt(x̂) = (sh(t, .), ih(t, .), rh(t, .), Sv(t), Iv(t))

where the solution satisfies for each (t, a) ∈ R2
+:

sh(t, a) + ih(t, a) + rh(t, a) ≤ Λhe
−

∫ a
0

µh(s)ds1{a≤t} + (sh,0 + ih,0 + rh,0)(a− t)e−
∫ a
a−t

µh(s)ds1{a>t} (8)

whence

Nh(t) ≤ max

{
Λh

µ0
, Nh(0)

}
=: Ch. (9)

We also have

Sv(t) + Iv(t) =
Λv

µv
+

(
Nv(0)−

Λv

µv

)
e−µvt (10)

and

Sv(t) ≥
Λv

µv + ∥βh∥L∞Ch

(
1− e−(µv+∥βh∥L∞Ch)t

)
+ Sv,0e

−(µv+∥βh∥L∞Ch)t. (11)

Moreover, the semiflow can be decomposed as Φt = (Φsh
t ,Φ

ih
t ,Φ

rh
t ,Φ

Sv
t ,ΦIv

t ) = (Φh
t ,Φ

v
t ) and Φh

t = Φh,1
t + Φh,2

t

where:

Φh,1
t (x̂)(a) =

sh,0(a− t)e−
∫ a
a−t

µh(s)dse−
∫ a
a−t

βv(s)Iv(t+s−a)ds

ih,0(a− t)e−
∫ a
a−t

(µh(s)+δ(s)+r1(s))ds

rh,0(a− t)e−
∫ a
a−t

(r2(s)+µh(s))ds

1{a≥t}

+


∫ a

a−t
r2(s)rh(t− a+ s, s)e−

∫ a
s
(µh(ξ)+βv(ξ)Iv(t−a+ξ))dξds∫ a

a−t
βv(s)Iv(t− a+ s)sh(t− a+ s, s)e−

∫ a
s
(µh(ξ)+δ(ξ)+r1(ξ))dξds∫ a

a−t
r1(s)ih(t− a+ s, s)e−

∫ a
s
(r2(ξ)+µh(ξ))dξds

1{a>t}

(12)

and

Φh,2
t (x̂)(a) =

Φsh,2
t (x̂)(a)

Φih,2
t (x̂)(a)

Φrh,2
t (x̂)(a)

 =

Λhe
−

∫ a
0
(µh(s)+βv(s)Iv(t−a+s))ds +

∫ a

0
r2(s)rh(t− a+ s, s)e−

∫ a
s
(µh(ξ)+βv(ξ)Iv(t−a+ξ))dξds∫ a

0
βv(s)Iv(t− a+ s)sh(t− a+ s, s)e−

∫ a
s
(µh(ξ)+δ(ξ)+r1(ξ))dξds∫ a

0
r1(s)ih(t− a+ s, s)e−

∫ a
s
(r2(ξ)+µh(ξ))dξds

1{t≥a}

(13)

Proof. Let x = (0, sh,0, ih,0, rh,0, Sv,0, Iv,0) ∈ X0+ and set U(t)x = (0, sh(t, .), ih(t, .), rh(t, .), Sv(t), Iv(t)) ∈
C([0, tmax), X0+) the solution of (7). We see that

N ′
v(t) = Λv − µvNv(t).

A simple use of Gronwall’s lemma implies (10) for each t ∈ [0, tmax). Now, note that the components sh, ih
and rh of the solution only satisfy (1) in the mild sense, hence it is not possible to use directly to integrate the
equations of system (1). However, one may note that the solution is given by

sh(t, a) =

{
sh,0(a− t)e−

∫ a
a−t

µh(s)ds +
∫ a

a−t
(r2(s)rh(t− a+ s, s)− λh(t− a+ s)sh(t− a+ s))e−

∫ a
s

µh(ξ)dξds if a ≥ t,

Λhe
−

∫ a
0

µh(s)ds +
∫ a

0
(r2(s)rh(t− a+ s, s)− λh(t− a+ s)sh(t− a+ s))e−

∫ a
s

µh(ξ)dξds else.

ih(t, a) =

{
ih,0(a− t)e−

∫ a
a−t

µh(s)ds +
∫ a

a−t
(λh(t− a+ s)sh(t− a+ s)− (r1(s) + δ(s))ih(t− a+ s, s))e−

∫ a
s

µh(ξ)dξds if a ≥ t,∫ a

0
(λh(t− a+ s)sh(t− a+ s)− (r1(s) + δ(s))ih(t− a+ s, s))e−

∫ a
s

µh(ξ)dξds else.

rh(t, a) =

{
rh,0(a− t)e−

∫ a
a−t

µh(s)ds +
∫ a

a−t
(r1(s)ih(t− a+ s, s)− r2(s)rh(t− a+ s, s))e−

∫ a
s

µh(ξ)dξds if a ≥ t,∫ a

0
(r1(s)ih(t− a+ s, s)− r2(s)rh(t− a+ s, s))e−

∫ a
s

µh(ξ)dξds else.

Summing all three above equations lead to

nh(t, a) ≤

{
nh,0(a− t)e−

∫ a
a−t

µh(s)ds ≤ nh,0(a− t)e−µ0t if a ≥ t,

Λhe
−

∫ a
0

µh(ξ)dξds ≤ Λhe
−µ0a else.
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where we defined
nh(t, a) = sh(t, a) + ih(t, a) + rh(t, a)

and nh,0(a) = nh(0, a), which implies (8)-(9) for each t ∈ [0, tmax). Finally, since we have

S′
v(t) ≥ Λv − Sv(t) (µv + ∥βh∥L∞∥Ih(t, .)∥L1)

for each t > 0, it follows from (9) and a use of Gronwall’s lemma that (11) holds for each t ∈ [0, tmax). Now, if
we suppose by contradiction that tmax < +∞ then, by [34, Theorem 3.3] we would have

lim
t→tmax

(||sh(t, .)||L1 + ||ih(t, .)||L1 + ||rh(t, .)||L1 + |Sv|+ |Iv|) = +∞ (14)

which contradicts either (9) or (10), whence tmax = +∞.

3 Equilibria and their Stability

In this section, we handle the existence and the stability of equilibria. Clearly, the parasite-free equilibrium
always exists for the model (1) and is given by

E0 =
(
s0h, 0, 0, S

0
v , 0
)
∈ X+

where s0h(a) = Λh exp(−
∫ a

0
µh(s)ds) for every a ≥ 0 and S0

v = Λv

µv
.

3.1 The basic reproduction number R0

The stability of E0 will depend on the basic reproduction number which is computed in this section. This
quantity plays a very important role in epidemiological modelling, see for example [44] for an introduction and
some references, and also [47] for its derivation in a similar model. We follow the classical procedure to derive
this number, based on the next generation operator [16, 27]. Let us first define

R0 =

√
S0
v

µv

∫ ∞

0

∫ ∞

0

βh(ξ + s)βv(ξ)s0h(ξ)e
−

∫ ξ+s
ξ

(µh(u)+r1(u)+δ(u))dudξds. (15)

and make the following

Assumption 2. We suppose that:∫ ∞

0

∫ ∞

0

βh(a+ s)βv(a)e
−µ0(a+s)dads > 0.

In all that follows we suppose that Assumption 2 holds. Note that this assumption simply reflects the fact
that, at some point during their lifetime, humans are susceptible to infection (i.e. βv(a) > 0 for some a ∈ (0,∞))
and that they may subsequently transmit the infection to a mosquito (i.e. βh(a+ s) > 0 for some s ≥ 0). We
can now state the main result of this section.

Theorem 2. The number R0 defined by (15) is the basic reproduction number related to (1).

Proof. We begin by linearising the system (1) in the neighbourhood of the parasite-free equilibrium E0.
Hence (ih, Iv) satisfies the following system:{

(∂t + ∂a) ih(t, a) = βv(a)Iv(t)s
0
h(a)− (µh(a) + δ(a) + r1(a))ih(t, a)

I ′v(t) = S0
v

∫ +∞
0

βh(a)ih(t, a)da− µvIv(t).

Using Volterra’s formulation on the first equation of the latter system and a simple integration of the second
equation, we get

ih(t, a) =

{
ih,0(a− t)e−

∫ a
a−t

(µh(s)+δ(s)+r1(s))ds +
∫ t

0
βv(s+ a− t)Iv(s)s

0
h(s+ a− t)e−

∫ a
s+a−t

(µh(τ)+δ(τ)+r1(τ))dτds a > t∫ a

0
βv(s)Iv(s+ t− a)s0h(s)e

−
∫ a
s
(µh(τ)+δ(τ)+r1(τ))dτds a ≤ t

and

Iv(t) = Iv(0)e
−µvt + S0

v

∫ t

0

e−µv(t−s)

∫ +∞

0

βh(a)ih(s, a)dads.
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Let us define Bh(t, a) and Bv(t) the number of newly infected humans of age a and mosquitoes, at time t, by

Bh(t, a) = βv(a)Iv(t)s
0
h(a), Bv(t) = S0

v

∫ ∞

0

βh(a)ih(t, a).

It follows that

Iv(t) = Iv(0)e
−µvt +

∫ t

0

e−µv(t−s)Bv(s)ds = Iv(0)e
−µvt +

∫ t

0

e−µvsBv(t− s)ds

whence

Bh(t, a) = f0,h(t, a) + βv(a)s
0
h(a)

∫ t

0

e−µvsBv(t− s)ds

where f0,h(t, a) = Iv(0)βv(a)s
0
h(a)e

−µvt, whence ∥f0,h∥L1 →
t→∞

0. Similarly, we see that

ih(t, a) =

{
ih,0(a− t)e−

∫ a
a−t

(µh(s)+δ(s)+r1(s))ds +
∫ t

0
Bh(s, s+ a− t)e−

∫ a
s+a−t

(µh(τ)+δ(τ)+r1(τ))dτds a > t∫ a

0
Bh(s+ t− a, s)e−

∫ a
s
(µh(τ)+δ(τ)+r1(τ))dτds a ≤ t

so we deduce, after some computations, that

Bv(t) = f0,v(t, a) + S0
v

∫ t

0

∫ ∞

0

βh(u+ s)Bh(t− u, s)e−
∫ s+u
s

(µh(ξ)+δ(ξ)+r1(ξ))dξdsdu

where f0,v(t) = S0
v

∫∞
0
βh(s+ t)ih,0(s)e

−
∫ s+t
s

(µh(ξ)+δ(ξ)+r1(ξ))dξds →
t→∞

0. Now define the vector

V (t) =

(
Bh(t, ·)
Bv(t)

)
∈ L1(0,∞)× R

then we see that V satisfies the following equation:

V (t) = f0(t) +

∫ t

0

G(s)(V (t− s))ds

where f0(t) = (f0,h(t, ·), f0,v(t))T ∈ L1(0,∞) × R encounters for the initial data and G ∈ L(L1(0,∞) × R) is
the linear operator defined by:

G(s)

(
Bh

Bv

)
=

(
βvs

0
he

−µvsBv

S0
v

∫∞
0
βh(s+ ξ)Bh(ξ)e

−
∫ ξ+s
ξ

(µh(u)+δ(u)+r1(u))dudξ

)

for each s ≥ 0. Note that this operator G(s) is called the net reproduction operator [27] and maps the density
of newborns to the density of their children produced at time s later. It follows [16, 27] that the next generator
operator is K : L1(0,∞)× R → L1(0,∞)× R and is defined by

K

(
B1

B2

)
=

∫ ∞

0

G(s)

(
B1

B2

)
ds =

 βvs
0
hB2

µv

S0
v

∫∞
0

∫∞
0
βh(ξ + s)B1(ξ)e

−
∫ ξ+s
ξ

(µh(u)+δ(u)+r1(u))dudξds

 =

(
K1(B1, B2)

T

K2(B1, B2)
T

)
.

From this operator K, we deduce that the basic reproduction number R0 is defined by the spectral radius of K
that is R0 = rσ(K). We first prove that K is a compact operator. Since K2 has finite dimensional range and
is clearly bounded, it is then sufficient to prove the compactness of K1. Let h ∈ R+ and S ⊂ L1(0,∞)× R be
a bounded subset, so there exists M > 0 such that ∥B1∥L1 + |B2| ≤ M for each (B1, B2) ∈ L1(0,∞)× R. We
denote by τh the translation operator in L1, i.e.:

τh(B1) = B1(·+ h) ∀B1 ∈ L1(0,∞).

Let (B1, B2) ∈ L1(0,∞)× R, then

∥τhK1(B1, B2)−K1(B1, B2)∥L1(0,∞) ≤
M

µv
∥τh(βvs0h)− βvs

0
h∥L1(0,∞) →

h→0
0

uniformly since βvs
0
h ∈ L1(0,∞). We also prove that

sup
(B1,B2)∈S

∫ ∞

r

|K1(B1, B2)(a)|da ≤ M

µvµ0
∥βv∥L∞e−µ0r →

r→∞
0.
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It follows by the Riesz-Fréchet-Kolmogorov (RFK) criterion (see e.g. [68, Theorem X.1, p. 275]) that K1 and K
are compact operators, so the spectrum of K is only composed of eigenvalues with finite algebraic multiplicity.
Now, computing K2, we see that this operator can be rewritten as

K2

(
B1

B2

)
=

(
F1(B1)
F2(B2)

)
for each (B1, B2) ∈ L1(0,∞)× R, with F1, F2 the linear operators respectively defined on L1(0,∞) and R by:

F1(B1) = βvs
0
h

S0
v

µv

∫ ∞

0

∫ ∞

0

βh(ξ + s)B1(ξ)e
−

∫ ξ+s
ξ

(µh(u)+r1(u)+δ(u))dudξds

and

F2(B2) =
S0
vB2

µv

∫ ∞

0

∫ ∞

0

βh(ξ + s)βv(ξ)s
0
h(ξ)e

−
∫ ξ+s
ξ

(µh(u)+r1(u)+δ(u))dudξds.

Let us set λ0 = R2
0. We notice that λ0 is the only eigenvalue of F2, whence rσ(F2) = λ0. We also see that

rσ(K) =
√
rσ(K2) =

√
max{rσ(F1), rσ(F2)} =

√
max{rσ(F1), λ0}.

We now shall prove that rσ(F1) = λ0. For that, we define the set

Ω :=

{
ξ ≥ 0 : βv(ξ)

∫ ∞

0

βh(s+ ξ)e−µ0(ξ+s)ds > 0

}
and the restriction of F1 to L1(Ω) denoted by F̃1 ∈ L(L1(Ω)):

F̃1(B̃)(a) = 1Ω(a)F1(B)(a)

for each a ∈ Ω, B ∈ L1(Ω) and with

B(a) =

{
B̃(s) a.e. a ∈ Ω

0 else.

From Assumption 2 it is clear that F̃1 is a positive and compact operator on L1(Ω). Moreover, since Ω ̸= ∅, it
follows that F̃1 is irreducible, i.e.

F̃1(B)(a) > 0 a.e. a ∈ Ω, ∀B ∈ L1
+(Ω) \ {0}

that is, sends the positive cone of L1
+(Ω) on the subset of L1

+(Ω) of functions almost everywhere strictly positive.
We now observe that

F1(βvs
0
h) = λ0βvs

0
h

so that λ0 is an eigenvalue of F1 associated to the eigenfunction βvs
0
h ∈ L1(Ω) that is positive a.e. on Ω. It

comes that rσ(F1) ≥ λ0 > 0. It follows from [38, Lemma 4.2.10, p. 269] that there exists a positive eigenfunction
ϕ ∈ L1

+(0,∞) \ {0} such that
F1(ϕ) = rσ(F1)ϕ.

We remark that
F̃1(1Ωϕ) = rσ(F1)1Ωϕ

so that rσ(F1) is also an eigenvalue of F̃1 associated to 1Ωϕ ∈ L1
+(Ω)\{0}. Using a version of the Krein-Rutman

theorem on the linear operator F̃1 (see [38, Corollary 4.2.15, p. 273]), it follows that the spectral radius of F̃1

is the only eigenvalue associated to a positive eigenfunction, whence rσ(F1) = rσ(F̃1). By noticing on the other
hand that

F̃1(1Ωβvs
0
h) = λ01Ωβvs

0
h

we deduce that λ0 is an eigenvalue of F̃1 associated to 1Ωβvs
0
h ∈ L1

+(Ω). Again, by Krein-Rutman theorem, we

deduce that rσ(F̃1) = λ0. We can then conclude that

rσ(K) =
√
λ0 = R0.

9



3.2 Local stability of the parasite-free equilibrium

In this section, we handle the local stability of the parasite-free equilibrium. Let E = (s∗h, i
∗
h, r

∗
h, S

∗
v , I

∗
v ) ∈ X+

be an equilibrium, then we define DFE : X0 → X the differential operator of F around E by:

DFE :


0
sh
ih
rh
Sv

Iv

 = (DFE)1


0
sh
ih
rh
Sv

Iv

+ (DFE)2


0
sh
ih
rh
Sv

Iv

+ (DFE)3


0
sh
ih
rh
Sv

Iv



=


0

−βvs∗hIv
βvs

∗
hIv
0

−S∗
v

∫∞
0
βh(a)ih(a)da− Sv

∫∞
0
βh(a)i

∗
h(a)da

S∗
v

∫∞
0
βh(a)ih(a)da+ Sv

∫∞
0
βh(a)i

∗
h(a)da

+


0

−βvshI∗v
0
0
0
0

+


0

r2rh
βvshI

∗
v

r1ih
0
0

 .

(16)

We now state the following lemma, which brings the stability analysis to the search of eigenvalues. We first define
(A+DFE)0 the part of A+DFE in D(A) and {T(A+DFE)0(t)}t≥0 the C0-semigroup generated by (A+DFE)0.

Lemma 1. The subset
{λ ∈ σ((A+DFE)0),ℜ(λ) ≥ −µ0}

is finite and composed at most of isolated eigenvalues with finite algebraic multiplicity, where σ denotes the
spectrum of the corresponding operator.

Proof. The linear operator (DFE)1 : X0 → X is clearly compact so we get

ωess({T(A+DFE)0(t)}t≥0) ≤ ωess({T(A+(DFE)2+(DFE)3)0(t)}t≥0)

by [19, Theorem 1.2] where ωess denotes the essential growth bound and (A+(DFE)2+(DFE)3)0 is the part of
A+(DFE)2+(DFE)3 in D(A), i.e. (A+(DFE)2+(DFE)3)0 : D(A) ∋ x 7−→ (A+(DFE)2+(DFE)3)x ∈ D(A).
Now, by definition, we know that

ωess({T(A+(DFE)2+(DFE)3)0(t)}t≥0) ≤ ω0({T(A+(DFE)2+(DFE)3)0(t)}t≥0)

where ω0 denotes the growth bound. To compute this quantity, we first check that the semigroup
{T(A+(DFE)2+(DFE)3)0(t)}t≥0 is positive. To this end, as in the proof of Proposition 1, let (κ, ϕ1, ϕ2, ϕ3, y1, y2) ∈
X and (0, ψ1, ψ2, ψ3, x1, x2) ∈ D(A) such that

(λI − (A+ (DFE)2))(0, ψ1, ψ2, ψ3, x1, x2) = (κ, ϕ1, ϕ2, ϕ3, y1, y2).

We have 

ψ1(a) = κe−
∫ a
0
(µh(s)+βv(s)I

∗
v+λ)ds +

∫ a

0
ϕ1(s)e

−
∫ a
s
(µh(τ)+βv(s)I

∗
v+λ)dτds

ψ2(a) =
∫ a

0
ϕ2(s)e

−
∫ a
s
(µh(τ)+δ(τ)+r1(τ)+λ)dτds

ψ3(a) =
∫ a

0
ϕ3(s)e

−
∫ a
s
(µh(τ)+r2(τ)+λ)dτds

x1 = 1
λ+µv

y1
x2 = 1

λ+µv
y2

for each a ∈ (0,+∞). This proves that the linear operator A+ (DFE)2 is resolvent positive and the semigroup
{T(A+(DFE)2)0(t)}t≥0 is positive. Since the linear operator (DFE)3 ∈ L(X0, X) is positive then by using [63,
Theorem 1.1], one has

(λ− (A+ (DFE)2 + (DFE)3))
−1 = (λ− (A+ (DFE)2)))

−1
∞∑

n=0

(
(DFE)3(λ− (A+ (DFE)2))

−1
)n

which implies thatA+(DFE)2+(DFE)3 is resolvent positive and then the semigroup {T(A+(DFE)2+(DFE)3)0(t)}t≥0

generated by (A + (DFE)2 + (DFE)3)0 is positive. Since the semigroup is positive, we can now compute the
operator norm of {T(A+(DFE)2+(DFE)3)0(t)}t≥0 as

∥T(A+(DFE)2+(DFE)3)0(t)∥L(X0) = sup
x∈X0+,∥x∥X0

=1

∥T(A+(DFE)2+(DFE)3)0(t)x∥X0
.

Let x = (0, sh,0, ih,0, rh,0, Sv,0, Iv,0) ∈ X0 with ∥x∥X0
= 1. Following the proof of Theorem 1, we denote by

T(A+(DFE)2+(DFE)3)0(t)x = (0, sh(t, .), ih(t, .), rh(t, .), Sv(t), Iv(t))
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the positive solution (which exists and is unique since A + (DFE)2 + (DFE)3 is a Hille-Yosida operator). We
see that

sh(t, a) =

{
sh,0(a− t)e−

∫ a
a−t

µh(s)ds +
∫ a

a−t
(r2(s)rh(t− a+ s, s)− βv(t− a+ s)I∗vsh(t− a+ s))e−

∫ a
s

µh(ξ)dξds if a ≥ t,∫ a

0
(r2(s)rh(t− a+ s, s)− βv(t− a+ s)I∗vsh(t− a+ s))e−

∫ a
s

µh(ξ)dξds else.

ih(t, a) =

{
ih,0(a− t)e−

∫ a
a−t

µh(s)ds +
∫ a

a−t
(βv(t− a+ s)I∗vsh(t− a+ s)− (r1(s) + δ(s))ih(t− a+ s, s))e−

∫ a
s

µh(ξ)dξds if a ≥ t,∫ a

0
(βv(t− a+ s)I∗vsh(t− a+ s)− (r1(s) + δ(s))ih(t− a+ s, s))e−

∫ a
s

µh(ξ)dξds else.

rh(t, a) =

{
rh,0(a− t)e−

∫ a
a−t

µh(s)ds +
∫ a

a−t
(r1(s)ih(t− a+ s, s)− r2(s)rh(t− a+ s, s))e−

∫ a
s

µh(ξ)dξds if a ≥ t,∫ a

0
(r1(s)ih(t− a+ s, s)− r2(s)rh(t− a+ s, s))e−

∫ a
s

µh(ξ)dξds else.

Summing the three equations leads to

nh(t, a) ≤

{
nh,0(a− t)e−

∫ a
a−t

µh(s)ds ≤ nh,0(a− t)e−µ0t if a ≥ t,

0 else.

Since we have
Sv(t) = Sv,0e

−µvt Iv(t) = Iv,0e
−µvt

it follows that
∥T(A+(DFE)2+(DFE)3)0(t)x∥X0

≤ e−µ0t∥x∥X0

whence
ω0({T(A+(DFE)2+(DFE)3)0(t)}t≥0) ≤ −µ0 < 0.

Consequently, the essential growth bound is negative and the statement is true by means of [20, Cor. IV. 2.11
p. 258].

Proposition 4. If R0 < 1 then E0 is locally asymptotically stable; if R0 > 1 then E0 is unstable.

Proof. Using [36, Proposition 5.7.3, p. 246], we know that if s(A + (DFE0)0) < 0 then E0 is locally
asymptotically stable, and similarly if s(A + (DFE0

)0) > 0 then E0 is unstable by using [36, Proposition
5.7.4, p. 247] , where s(·) refers to the spectral bound. Moreover, by Lemma 1, we only need to study the
punctual spectrum of (A+DFE0

)0. We then consider exponential solutions, i.e. of the form u(t) = veλt, with
0 ̸= v := (sh, ih, rh, Sv, Iv) ∈ X and λ ∈ C. We obtain the following system:

s′h(a) = −βv(a)Ivs0h(a)− (µh(a) + λ)sh(a) + r2(a)rh(a)
i′h(a) = βv(a)Ivs

0
h(a)− (µh(a) + λ+ δ(a) + r1(a))ih(a)

r′h(a) = r1ih(a)− (r2(a) + λ+ µh(a))rh(a)
0 = S0

v

∫∞
0
βh(a)ih(a)da+ µvSv

0 = (µv + λ)(Sv + Iv)

leading to either Iv = −Sv or λ = −µv < 0. Supposing now that Iv = −Sv, we get:

Iv =
S0
v

∫∞
0
βh(a)ih(a)da

µv

and

ih(a) =

(
S0
v

∫∞
0
βh(a)ih(a)da

µv

)∫ a

0

βv(s)s
0
h(s)e

−
∫ a
s
(µh(z)+δ(z)+r1(z)+λ)dzds

for each a ≥ 0. We then obtain:

1 =
S0
v

µv

∫ ∞

0

βh(a)

∫ a

0

βv(s)s
0
h(s)e

−
∫ a
s
(µh(z)+δ(z)+r1(z)+λ)dzdsda =: g(λ).

We see that g(0) = R0 so, if R0 > 1 then, by continuity, one may find λ > 0 such that g(λ) = 1 and E0 is
unstable. Now, let us suppose that R0 < 1, then considering λ = ℜ(λ) + iℑ(λ), we get

1 = |g(λ)| ≤ S0
v

µv

∫ ∞

0

βh(a)

∫ a

0

βv(s)s
0
h(s)e

−
∫ a
s
(µh(z)+δ(z)+r1(z)+ℜ(λ))dzdsda ≤ R0 < 1

whenever ℜ(λ) ≥ 0. As a result, E0 is locally asymptotically stable when R0 < 1.
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3.3 Attractiveness of the parasite-free equilibrium

We start this section by reminding classical definitions about orbits and limit sets (see [26]). In the sequel, for
x̂ ∈ X , we will denote by γ+(x̂) = {Φt(x̂), t ≥ 0} the positive orbit starting from x̂ and

ω(x̂) = ∩τ≥0{Φt(x̂), t ≥ τ}

the ω-limit set of x̂. Also, let a function ϕ : (−∞, 0] → X such that ϕ(0) = x̂ and for any s ≤ 0, Φt(ϕ(s)) =
ϕ(t+ s) for each 0 ≤ t ≤ −s, then the set {ϕ(s), s ≤ 0} is called a negative orbit through x̂, denoted by γ−(x̂).
Similarly, for a function ϕ : R → X such that ϕ(0) = x̂ and for each s ∈ R, Φt(ϕ(s)) = ϕ(t+ s) for every t ≥ 0,
then the set {ϕ(s), s ∈ R} is called a complete orbit through x̂, denoted by γ(x̂). Let

H(t, x̂) = {ŷ ∈ X : there is a negative orbit through x̂ defined by ϕ : (−∞, 0] → X with ϕ(0) = x̂ and ϕ(−t) = ŷ}

then we define the α-limit set of x̂ as

α(x̂) = ∩τ≥0{H(t, x̂), t ≥ τ}.

For a given complete orbit γ(z) = {ϕ(s), s ∈ R}, we define the α-limit set of the orbit similarly as

α(ϕ) = α(γ(z)) =
⋂
τ≥0

{ϕ(−t), t ≥ τ}.

We finally define the set

Γ−(x̂) =
⋃
t≥0

H(t, x̂)

that contains all negative orbits through x0. Following [45], we prove now the existence of a compact attractor
by proving the relative compactness of the positive orbits.

Lemma 2. For every x̂ ∈ X+, the positive orbit γ+(x̂) ⊂ X+ is relatively compact, i.e. γ+(x̂) is compact.

Proof. Firstly, by means of (13) and estimates (8)-(9), we see that for each r > 0 and each x̂ ∈
BX (0, r) ∩ X+, we have:

∥Φh,1
t (x̂)∥(L1(R+))3 ≤ re−µ0t +

(
∥r2∥L∞ + ∥βv∥L∞

Λv

µ0
+ ∥r1∥L∞

)
rte−µ0t

where BX (0, r) in defined by (5). Secondly, due to Theorem 1, we see that Φv
t maps bounded sets of X+ into

sets with compact closure in X+ for every t > 0. Thus, we only need to prove the compactness for Φh,2
t for some

t > 0.
Let t > 0 and let S ⊂ X+ be a bounded subset with r = supx̂∈S ∥x̂∥X . The goal is to show the relative

compactness of {Φh,2
t (x̂), x̂ ∈ S} ⊂ (L1

+(R+))
3. Defining Cr = r + Λv

µv
+ Λh

µ0
, we readily see from (9)-(10) that

ΦSv
s (x̂) ≤ Cr, ΦIv

s (x̂) ≤ Cr, ∥Φsh
s (x̂)∥L1 ≤ Cr ∥Φih

s (x̂)∥L1 ≤ Cr ∥Φrh
s (x̂)∥L1 ≤ Cr ∀(s, x̂) ∈ R+ × S

(17)
and from (8) we arrive at

sup
x̂∈S

∥Φh,2
t (x̂)∥(L1(R+))3 ≤ Λh

µ0
+

Λh

µ2
0

(∥r2∥L∞ + ∥βv∥L∞Cr + ∥r1∥L∞) < +∞.

Let ξ > 0. We see that:

sup
x̂∈S

∑
j∈{s,i,r}

∫ ∞

ξ

|Φjh,2
t (x̂)(a)|da ≤ Λh

∫ ∞

ξ

e−µ0ada+Λh (∥r2∥L∞ + ∥βv∥L∞Cr + ∥r1∥L∞)

∫ ∞

ξ

ae−µ0ada −→
ξ→+∞

0.

Let s ∈ [0, t], ξ > 0 and x̂ ∈ S. Then

∥|Φrh,2
s+ξ (x̂)− Φrh,2

s (x̂)∥L1 ≤ Λhξt∥r1∥L∞ + ∥r1∥L∞

∫ s

0

∫ a

0

|Φih,2
s+ξ−a+w(x̂)(w)− Φih,2

s−a+w(x̂)(w)|dwda

≤ Λhξt∥r1∥L∞ + ∥r1∥L∞

∫ s

0

∥Φih,2
u+ξ(x̂)− Φih,2

u (x̂)∥L1du. (18)

From (1)-(17) it comes ∣∣∣∣dΦIv
s (x̂)

ds

∣∣∣∣ ≤ ∥βh∥L∞(Cr)
2 + µvCr =: C̃r, ∀(s, x̂) ∈ R+ × S

12



whence
|ΦIv

s+ξ(x̂)− ΦIv
s (x̂)| ≤ ξC̃r, ∀(s, x̂, ξ) ∈ R+ × S × R∗

+. (19)

Let s ∈ [0, t], ξ > 0 and x̂ ∈ S, then

∥|Φih,2
s+ξ(x̂)− Φih,2

s (x̂)∥L1 ≤ Λhξt∥βv∥L∞Cr + ξt∥βv∥L∞C̃rCr + ∥βv∥Cr

∫ s

0

∥Φsh,2
u+ξ(x̂)− Φsh,2

u (x̂)∥L1du (20)

and using (19) we see on one hand that

Λh

∫ s

0

|e−
∫ a
0
(µh(w)+βv(w)ΦIv

s+ξ−a+w(x̂))dw − e−
∫ a
0
(µh(w)+βv(w)ΦIv

s−a+w(x̂))dw|da

≤ Λht×max
{
e∥βv∥L∞ tξC̃r − 1, 1− e−∥βv∥L∞ tξC̃r

}
=: κ1(ξ)

and on the other hand that∫ s

0

∣∣∣∣∫ a

0

r2(w)Φ
rh,2
s+ξ−a+w(x̂)(w)

(
e−

∫ a
w
(µh(l)+βv(l)Φ

Iv
s+ξ−a+l(x̂)dldw − e−

∫ a
w
(µh(l)+βv(l)Φ

Iv
s−a+l(x̂)dl

)
dw

∣∣∣∣ da
≤ Λht

2∥r2∥L∞ ×max
{
e∥βv∥L∞ tξC̃r − 1, 1− e−∥βv∥L∞ tξC̃r

}
=: κ2(ξ)

whence

∥Φsh,2
s+ξ (x̂)− Φsh,2

s (x̂)∥L1 ≤ Λhξ + Λhξt∥r2∥L∞ + κ1(ξ) + κ2(ξ) + ∥r2∥L∞

∫ s

0

∥Φrh,2
u+ξ(x̂)− Φrh,2

u (x̂)∥L1du. (21)

We deduce from (18)-(20)-(21) that for every s ∈ [0, t], ξ > 0, x̂ ∈ S and each j ∈ {s, i, r}, we have

∥Φjh,2
s+ξ (x̂)− Φjh,2

s (x̂)∥L1 ≤ κ3(ξ) + κ4

∫ s

0

∥Φjh,2
u+ξ(x̂)− Φjh,2

u (x̂)∥L1du

where κ3(ξ) > 0 and κ4 > 0 are independent of x̂ and s, with κ3(ξ) −→
ξ→0

0. Using Gronwall’s inequality lead to

∥Φjh,2
s+ξ (x̂)− Φjh,2

s (x̂)∥L1 ≤ κ3(ξ)e
κ4s ∀(s, ξ, x̂, j) ∈ [0, t]× R∗

+ × S × {s, i, r}. (22)

Now, let ξ > 0 and x̂ ∈ S, then from (22) we get

∥Φrh,2
t (x̂)(·+ ξ)− Φrh,2

t (x̂)∥L1 ≤ 2Λhξt∥r1∥L∞ + Λht
2∥r1∥L∞(1− e−ξ(∥r2∥L∞+∥µh∥L∞ )) + ∥r1∥L∞

∫ t

0

∥Φih,2
u+ξ(x̂)− Φih,2

u (x̂)∥L1du

≤ 2Λhξt∥r1∥L∞ + Λht
2∥r1∥L∞(1− e−ξ(∥r2∥L∞+∥µh∥L∞ )) + t∥r1∥L∞κ3(ξ)e

κ4t −→
ξ→0

0

uniformly in x̂ ∈ S. We deduce that Φrh,2
t is a compact operator by using the RFK criterion. Similar compu-

tations show that Φih,2
t and Φsh,2

t are compact operators.
Finally, the relative compactness of the positive orbits follows from [67, Proposition 3.13, p. 100].
The latter compactness result of the positive orbits then leads to the existence of a compact attractor in the

following sense (see e.g. [26, Lemma 3.1.1 and 3.1.2, p. 36], or [64, Theorem 4.1, p. 167]). Let us remind the
definition of the semi-distance [26] as d(B1, B2) = supy1∈B1

infy2∈B2
∥y1 − y2∥X for any subset B1, B2 ⊂ X .

Lemma 3. For every x̂ ∈ X+:

1. ω(x̂) is non-empty, compact and connected;

2. ω(x̂) is invariant under Φ, i.e. Φt(ω(x̂)) = ω(x̂), ∀t ≥ 0;

3. ω(x̂) is an attractor, i.e. limt→+∞ d(Φt(x̂), ω(x̂)) = 0.

In order to get the attractiveness of the parasite-free equilibrium, we will make use of Lyapunov functionals,
introduced in [35] for age-structured models (see also [44, 46] for the computations in other age-structured
models and see [58] for other computations in compartmental (SIRS) epidemiological ODEs model). To this
end we define the following non-negative function

g : R∗
+ ∋ x 7−→ x− ln(x)− 1 ∈ R+

and the functional

L0 : (sh, ih, rh, Sv, Iv) 7−→
∫ ∞

0

ψ(a)ih(a)da+ g

(
Sv

S0
v

)
+
Iv
S0
v

where

ψ(a) =

∫ ∞

a

βh(s)e
−

∫ s
a
(µh(z)+δ(z)+r1(z))dzds.

We also remind the following definition:
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Definition 1. Let S ⊂ X . A function L : X → R is called a Lyapunov function on S if there hold that:

• L is continuous on S (the closure of S in X );

• the function R+ ∋ t 7−→ L(Φt(x̂)) is non-increasing for every x̂ ∈ S.

We will now show that L0 is a Lyapunov functional.

Proposition 5. For every x̂ ∈ X+, the function (t, v̂) 7−→ L0(Φt(v̂)) is well-defined on R+ × ω(x̂).

Proof. Let x̂ ∈ X+, v̂ ∈ ω(x̂) and t ≥ 0. It is clear that L0(Φt(v̂)) is well-defined if ΦSv
t (v̂) > 0 which is

true since we have

lim inf
t→∞

ΦSv
t (x̂) ≥ Λv

µv + ∥βh∥L∞Ch
> 0 (23)

with Ch given by (9). Finally, since v̂ ∈ ω(x̂) it follows that ΦSv
t (v̂) ≥ Λv

µv+∥βh∥L∞Ch
> 0 for each t ≥ 0.

Remark 1. Note that the latter proposition is stated on the ω-limit set while the function (t, v̂) 7−→ L0(Φt(v̂))
is well-defined on R∗

+ × X+. However, to show that this is a Lyapunov function, we will use the upper bound
of the solution formulated in Theorem 1 that is reached when t → +∞. This will allow to get an upper bound
according to R0 − 1 which is non-positive when R0 ≤ 1.

We start with a property of the semiflow.

Lemma 4. The semiflow Φ is state-continuous uniformly in finite time meaning that for every (t, x̂) ∈ R+×X+

and every ε > 0, there exists some δ > 0 such that

∀ŷ ∈ X+, ∥x̂− ŷ∥X ≤ δ =⇒ ∥Φs(x̂)− Φs(ŷ)∥X ≤ ε ∀s ∈ [0, t].

Proof. Let x ∈ X0+. Then U(.)x ∈ C(R+, X0+) by Proposition 3 and Theorem 1. Let t ≥ 0, ε > 0 and
define

m = max

{
Λh

µ0
+

Λv

µv
, ∥x∥X + ε

}
, δ = min

{
εe−t

cm
, ε

}
where cm is as in Proposition 2. Let y ∈ X0+ such that ∥x − y∥X ≤ δ. We have U(.)y ∈ C(R+, X0+) and F
is Lipschitz continuous whence F ◦ U(.)x and F ◦ U(.)y belong to L1([0, t], X). Also we have (U(s)x, U(s)y) ∈
(X0+ ∩ BX(0,m))2 for every s ∈ [0, t] by using (8)-(9) and the fact that ∥y∥X ≤ δ + ∥x∥X ≤ m. Since A is a
Hille-Yosida operator from Proposition 1, then it generates a locally Lipschitz continuous integrated semigroup
{SA(t)}t≥0 on X [36, Proposition 3.4.3, p.116]. Hence the integrated solution writes as

U(t)x = TA0
(t)x+

d

dt
(SA ∗ (F ◦ U(.)x)(t)) (24)

where ∗ denotes the convolution product:

(SA ∗ f)(t) =
∫ t

0

SA(t− s)f(s)ds

A0 is the part of A in X0 defined as

A0x = Ax, ∀x ∈ D(A0) := {x ∈ D(A) : Ax ∈ X0}.

and where {TA0
}t≥0 is the C0-semigroup on X0 generated by A0, which exists by using the Hille-Yosida theorem.

From (24) we deduce that for every s ∈ [0, t):

U(s)y − U(s)x = TA0
(s)(y − x) +

d

dt
(SA ∗ ((F ◦ U(.)y)− (F ◦ U(.)x))(s)) .

From [36, Lemma 2.2.10, p. 65], we have ρ(A0) = ρ(A) whence (by Proposition 1):

∥TA0
(s)(y − x)∥X ≤ e−µ0s∥y − x∥X ≤ δ, ∀s ∈ [0, t].

Using Kellermann-Hieber theorem [36, Theorem 3.6.2, p.133], it comes that for any τ > 0 and any f ∈
L1((0, τ), X), the maps t 7−→ (SA ∗ f) (t) are continuously differentiable and for all t ∈ [0, τ ] then

d

dt
(SA ∗ f)(t) ≤ e−µ0t

∫ t

0

eµ0s∥f(s)∥ds. (25)
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Using (25) with f = F ◦ U(.)y − F ◦ U(.)x ∈ L1([0, t], X) leads to

∥U(s)y − U(s)x∥X ≤ δ +

∫ s

0

∥F (U(ξ)y)− F (U(ξ)x)∥Xdξ, ∀s ∈ [0, t].

It follows from Proposition 2 that

∥U(s)y − U(s)x∥X ≤ δ + cm

∫ s

0

∥U(ξ)y − U(ξ)x∥Xdξ, ∀s ∈ [0, t]

which leads by means of Gronwall’s inequality to

∥U(s)y − U(s)x∥X ≤ cme
sδ ≤ ε, ∀s ∈ [0, t].

This ends the proof.

Proposition 6. For every x̂ ∈ X+, the function L0 is a Lyapunov function on ω(x̂) whenever R0 ≤ 1.

Proof. Let x̂ ∈ X+. By Proposition 5, the function (t, v̂) 7−→ L0(Φt(v̂)) is well-defined on R+ ×ω(x̂). Let
v̂ ∈ ω(x̂) and suppose that v = (0, v̂) ∈ D((A+ F )0) ∩X0+ where

D((A+ F )0) = {x ∈ D(A) : Ax+ F (x) ∈ X0}.

Then, the solution of (7) with initial condition v, which we denote by (0, sh, ih, rh, Sv, Iv) for convenience,
belongs to C1(R+, X+)∩C(R+, D(A)) by using [36, Theorem 5.6.6, p.242]. It follows that the functions sh(t, .),
ih(t, .) and rh(t, .) are in W 1,1(R+) for each t ≥ 0. We first compute the three following quantities:

d

dt

(∫ ∞

0

ψ(a)ih(t, a)da

)
=

∫ ∞

0

ψ(a) (−∂aih(t, a) + βv(a)Iv(t)sh(t, a)− (µh(a) + δ(a) + r1(a))ih(t, a)) da

=

∫ ∞

0

ψ′(a)ih(t, a)da+

∫ ∞

0

(βv(a)Iv(t)sh(t, a)− (µh(a) + δ(a) + r1(a))ih(t, a)) da

=−
∫ ∞

0

βh(a)ih(t, a)da+

∫ ∞

0

βv(a)ψ(a)Iv(t)sh(t, a)da

d

dt

(
Iv(t)

S0
v

)
=
Sv(t)

S0
v

∫ ∞

0

βh(a)ih(t, a)da−
µvIv(t)

S0
v

.

and

d

dt

(
g

(
Sv(t)

S0
v

))
=

1

S0
v

(
1− S0

v

Sv(t)

)(
Λv − Sv(t)

∫ ∞

0

βh(a)ih(t, a)da− µvSv(t)

)
= −

(
µvSv(t)

S0
v

)(
1− S0

v

Sv(t)

)2

− Sv(t)

S0
v

∫ ∞

0

βh(a)ih(t, a)da+

∫ ∞

0

βh(a)ih(t, a)da

for every t > 0. Summing all the terms, we can compute the derivative of L0 and see that it simply becomes:

dL0(Φt(v̂))

dt
=

(
µvIv(t)

S0
v

)(
1

µv

∫ ∞

0

βv(a)ψ(a)sh(t, a)S
0
vda− 1

)
−
(
µvSv(t)

S0
v

)(
1− S0

v

Sv(t)

)2

(26)

for each t > 0. It follows that

L0(Φt(v̂)) = L0(v̂) +

∫ t

0

((
µvΦ

Iv
s (v̂)

S0
v

)(
1

µv

∫ ∞

0

βv(a)ψ(a)Φ
sh
s (v̂)(a)S0

vda− 1

)
−
(
µvΦ

Sv
s (v̂)

S0
v

)(
1− S0

v

ΦSv
s (v̂)

)2
)
ds

(27)

Now, we want to get the same equality when v ̸∈ D((A + F )0) ∩ X0+. Let t > 0 and ε > 0. By density of
D((A+ F )0) ∩X0+ into X0+ (see [36, Lemma 5.6.7, p.243]) and by using Lemma 4 we know that there exists
vε := (0, v̂ε) ∈ D((A+ F )0) ∩X0+ such that

∥vε − v∥X ≤ ε, sup
s∈[0,t]

∥Φs(v̂)− Φs(v̂ε)∥X ≤ ε.

With the expression of L0, one may note that

|L0(Φt(v̂))− L0(Φt(v̂ε))| ≤ c1(ε), c1(ε) →
ε→0

0
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since we have ∣∣∣∣∣g
(
ΦSv

t (v̂)

S0
v

)
− g

(
ΦSv

t (v̂ε)

S0
v

)∣∣∣∣∣ ≤ ε

S0
v

(
1 +

µv + ∥βh∥L∞Ch

µv

)
(by combining the mean value inequality with the lower bound (23)). Now, rewriting for simplicity the right
term of (27) as

L0(v̂) + L̃(v̂)(t)

then one may show that we have

|L0(v̂) + L̃(v̂)(t)− L0(v̂ε)− L̃(v̂ε)(t)| ≤ |L0(v̂)− L0(v̂ε)|+ |L̃(v̂)(t)− L̃(v̂ε)(t)| ≤ c2(ε), c2(ε) →
ε→0

0.

Since we have L0(Φt(v̂ε)) = L0(v̂ε) + L̃(v̂ε)(t) then it comes

|L0(Φt(v̂))− L0(v̂)− L̃(v̂)(t)| ≤ |L0(Φt(v̂))− L0(Φt(v̂ε))|+ |L0(Φt(v̂ε))− L0(v̂)− L̃(v̂)(t))| ≤ c1(ε) + c2(ε).

The latter equation being true for ε > 0 as small as wanted, then (27) is true and holds for any t > 0. It follows
that the equality (27) also holds for every v̂ ∈ ω(x̂). By continuity of the terms under the integral, the equality
(26) also holds for every v̂ ∈ ω(x̂). Finally, using (8) and letting t→ ∞, we see that

sh(t, a) = Φsh
t (v)(a) ≤ Λhe

−
∫ a
0

µh(s)ds = s0h(a)

for each t ≥ 0 since v̂ ∈ ω(x̂). We deduce that

dL0(Φt(v̂))

dt
≤
(
µvIv(t)

S0
v

)(
R2

0 − 1
)
−
(
µvSv(t)

S0
v

)(
1− S0

v

Sv(t)

)2

≤ 0 (28)

since R0 ≤ 1 and consequently L0 is a Lyapunov function on ω(x̂).
Using the Lyapunov functional defined above and the Lasalle invariance principle, we can compute the basin

of attraction of the parasite-free equilibrium, which is the main result of this section.

Theorem 3. If R0 ≤ 1 then E0 is globally attractive in X+.

Proof. Suppose that R0 ≤ 1 and let x̂ ∈ X+ so that ω(x̂) ⊂ X+. Let v̂ ∈ ω(x̂). Since ω(x̂) is invariant,
it follows by definition (see [26]) that there exists a complete orbit γ(v̂) := {ϕ(s), s ∈ R} ⊂ ω(x̂) through v̂.
From Proposition 6, we know that L0 is a Lyapunov function on ω(x̂) (and in particular on γ(v̂)). Using [52,
Prop. 2.51 p. 53] we deduce that L0 is constant on α(ϕ) and on ω(z). Since γ(v̂) ⊂ ω(x̂) which is compact,
then γ−(v̂) := {ϕ(s), s ≤ 0} is relatively compact in X and non empty. From [52, Theorem 2.48, p.52] the
alpha-limit set α(ϕ) is non-empty, compact, invariant, connected and limt→−∞ d(ϕ(t), α(ϕ)) = 0. We show that
α(v̂) is reduced to E0. Let ẑ := (sh, ih, rh, Sv, Iv) ∈ α(v̂). Since α(v̂) is invariant then there exists a complete
orbit γ(ẑ) := {ϕ2(s), s ∈ R} ⊂ α(v̂) on which L0 is constant. It implies that

d

dt
L0(Φt(ϕ2(s)) = 0, ∀t > 0 and ∀s ∈ R.

From (28) we get ΦSv
t (ϕ2(s)) = S0

v for every s ∈ R and every t > 0 (whence for every t ≥ 0 since ΦSv
0 (ϕ2(s)) =

ΦSv
t (ϕ2(s − t)) = S0

v for every t > 0). In particular, taking s = −t leads to Sv = ΦSv
t (ϕ2(−t)) = S0

v . Also,
since α(v̂) ⊂ ω(x̂) then from (10) we deduce that ΦSv

t (ϕ2(s)) + ΦIv
t (ϕ2(s)) = Λv

µv
for every (t, s) ∈ R+ × R,

hence ΦIv
t (ϕ2(s)) = 0 for every (t, s) ∈ R+ × R (and in particular Iv = 0). It follows, by using (13), that

Φih
t (ϕ2(s), a) = 0 for every (t, s, a) ∈ R+ × R× [0, t]. Actually we even get

Φih
t (ϕ2(s), a) = 0, ∀(t, s, a) ∈ R+ × R× R+

since for every a ≥ t we remark that

Φih
t (ϕ2(s), a) = Φih

t+a(ϕ2(s− a), a) = 0, ∀(t, s, a) ∈ R+ × R× [t,+∞)

whence ih ≡ 0. Again with (13) we get

Φrh
t (ϕ2(s), a) = 0, and Φsh

t (ϕ2(s), a) = s0h(a), ∀(t, s, a) ∈ R+ × R× R+

hence ẑ = E0 and α(v̂) = {E0}, i.e. limt→−∞ d(ϕ(t), {E0}) = 0. Since L0(E0) = 0 then we have L0(ϕ(s)) = 0
for every s ∈ R since L0 is a Lyapunov function on γ(v̂). This implies that L0 is constant on γ(v̂). Following
the above arguments, we show that v̂ = E0. In conclusion ω(x̂) = {E0} for each x̂ ∈ X+ and E0 is globally
attractive in X+.
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3.4 Global stability of the parasite-free equilibrium

In this section, we handle the stability of E0 in the case R0 = 1 that is when the principle of linearisation fails
(see Proposition 4). In [46], the stability was proved by making use of the Lyapunov function and the idea that
taking an initial condition close to the equilibrium is equivalent to have a Lyapunov function small enough at
this point, thus controlling some energy at each time. In our case, it cannot directly be applied since we have a
Lyapunov function on ω(z) for each z ∈ X+, so it is difficult to control the energy through time. However, using
estimates on sh, on Sv and using the Lyapunov function L0 we can then deal with the stability by showing
directly the definition.

Theorem 4. Suppose that R0 = 1, then the disease-free equilibrium E0 is Lyapunov stable.

Proof. Let ε > 0, η > 0 and ẑ := (sηh, i
η
h, r

η
h, S

η
v , I

η
v ) ∈ BX (E0, η), implying that ∥E0 − ẑ∥X ≤ η. Without

loss of generality, we suppose that η ≤ 1. We still denote

(sh, ih, rh, Sv, Iv)(t) = Φt(ẑ)

the solution of (1) at time t ≥ 0 with the initial condition ẑ. The goal is to prove that for η small enough, then
we have:

∥Φt(ẑ)− E0∥X ≤ ε

for each t ≥ 0. Using (8) we see that the following estimates hold:

sh(t, a) ≤

{
s0h(a) if t > a

(sηh + iηh + rηh)(a− t)e−
∫ a
a−t

µh(s)ds if a ≥ t
(29)

ih(t, a) ≤

{
s0h(a) if t > a

(sηh + iηh + rηh)(a− t)e−
∫ a
a−t

µh(s)ds if a ≥ t

and using (10) we get
Sv(t) ≤ S0

v + 2ηe−µvt, Iv(t) ≤ S0
v + 2ηe−µvt

for each t ≥ 0. Reminding (26) and using (29), we see that:

dL0(Φt(v))

dt
=

(
µvIv(t)

S0
v

)(
1

µv

∫ ∞

0

βv(a)ψ(a)sh(t, a)S
0
vda− 1

)
−
(
µvSv(t)

S0
v

)(
1− S0

v

Sv(t)

)2

≤ Iv(t)∥βvψ∥L∞

∫ ∞

t

(sηh − s0h + iηh + rηh)(a− t)e−
∫ a
a−t

µh(s)dsda

≤
(
S0
v + 2ηe−µvt

)
3η∥βvψ∥L∞e−µ0t

≤ Cηe−µ0t

for each t ≥ 0 where C is some constant given by the parameters and that is independent of η. It follows that

L0(Φt(ẑ)) ≤ L0(Φ0(ẑ))) +

∫ t

0

Cηe−µ0sds

≤
∫ ∞

0

ψ(a)iηh(a)da+ g

(
Sη
v

S0
v

)
+
Iηv
S0
v

+
Cη

µ0
(1− e−µ0t)

≤ η∥ψ∥L∞ +
Sη
v

S0
v

− ln

(
Sη
v

S0
v

)
− 1 +

η

S0
v

+
Cη

µ0
(1− e−µ0t)

≤ η

(
∥ψ∥L∞ +

1

S0
v

+
C

µ0

)
+
Sη
v

S0
v

+ ln

(
S0
v

Sη
v

)
− 1

≤ η

(
∥ψ∥L∞ +

1

S0
v

+
C

µ0
+

1

S0
v

)
+
S0
v

Sη
v
− 1

≤ η

(
∥ψ∥L∞ +

1

S0
v

+
C

µ0
+

1

S0
v

)
+

η

S0
v − η

where we used the fact that ln(x) ≤ x− 1. Still without loss of generality, we can suppose that η ≤ S0
v

2 so that

L0(Φt(ẑ)) ≤ η

(
∥ψ∥L∞ +

1

S0
v

+
C

µ0
+

1

S0
v

+
2

S0
v

)
≤ C2η
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for each t ≥ 0, with some constant C2 independent of η and t. It readily follows, by definition of L0, that

Iv(t) ≤ C2S
0
vη =: C3η →

η→0
0

uniformly in t. Using (12), the previous estimate on Iv(t) and (29) we get∫ ∞

t

ih(t, a)da ≤ ∥iηh∥L1e−µ0t + ∥βv∥L∞C3η

∫ ∞

t

∫ a

a−t

sh(t− a+ s, s)e−
∫ a
s

µh(ξ)dξdsda

≤ ηe−µ0t + ∥βv∥L∞C3η

∫ ∞

t

∫ a

a−t

(sηh + iηh + rηh)(a− t)e−
∫ s
a−t

µh(ξ)dξe−
∫ a
s

µh(ξ)dξdsda

≤ ηe−µ0t + ∥βv∥L∞C3η

∫ ∞

t

(sηh + iηh + rηh)(a− t)e−µ0ttda

≤ ηe−µ0t + ∥βv∥L∞C3η

(
Λh

µ0
+ 3η

)
e−µ0tt

≤ ηe−µ0t + ∥βv∥L∞C3η

(
Λh

µ0
+ 3η

)
e−1

µ0

≤ ηC4

for some constant C4. Using (13), we can decompose ih as follows:

∥ih(t, .)∥L1 =

∫ t

0

ih(t, a)da+

∫ ∞

t

ih(t, a)da

≤
∫ t

0

∫ a

0

βv(s)Iv(t− a+ s)sh(t− a+ s, s)e−
∫ a
s

µh(ξ)dξdsda+

∫ ∞

t

ih(t, a)da

≤ ∥βv∥L∞C3η

∫ t

0

∫ a

0

s0h(s)e
−

∫ a
s

µh(ξ)dξdsda+

∫ ∞

t

ih(t, a)da

≤ Λh∥βv∥L∞C3η

∫ t

0

ae−µ0ada+ ηC4

≤ Λh∥βv∥L∞C3η

(
1− e−µ0t

µ2
0

− te−µ0t

µ0

)
+ ηC4

≤ Λh∥βv∥L∞C3
η

µ2
0

+ ηC4 ≤ C5η

for some positive constant C5, whence ∥ih(t, .)∥L1 −→
η→0

0 uniformly in t. For rh, it suffices to use (12)-(13) to

get: ∫ ∞

0

rh(t, a)da ≤
(∫ ∞

0

rηh(a)da

)
e−µ0t +

∥r1∥L∞C5η

µ0

(
1− e−µ0t

)
≤ ηe−µ0t +

∥r1∥L∞C5η

µ0

(
1− e−µ0t

)
≤ C6η

for some positive constant C6 so that ∥rh(t, .)∥L1 →
η→0

0 uniformly in t. To prove the estimate on Sv, we remark

that:
S′
v(t) ≥ Λv − ∥βh∥L∞C5ηSv(t)− µvSv(t)

leading to

Sv(t) ≥ Sη
v e

−(∥βh∥L∞C5η+µv)t +
Λv

∥βh∥L∞C5η + µv

(
1− e−(∥βh∥L∞C5η+µv)t

)
whence

Λv

µv
− Sv(t) ≤

Λv

µv
− Λv

∥βh∥L∞C5η + µv
+ e−(∥βh∥L∞C5η+µv)t

(
Λv

∥βh∥L∞C5η + µv
− Sη

v

)
≤ Λv∥βh∥L∞C5η

µv(∥βh∥L∞C5η + µv)
+ e−(∥βh∥L∞C5η+µv)t

(
− Λv∥βh∥L∞C5η

µv(∥βh∥L∞C5η + µv)
+ S0

v − Sη
v

)
≤ Λv∥βh∥L∞C5η

µ2
v

+ η.
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Moreover, using (10) we know that:

Sv(t)−
Λv

µv
≤
(
Sη
v + Iηv − Λv

µv

)
e−µvt ≤ 2η

so that ∣∣∣∣Sv(t)−
Λv

µv

∣∣∣∣ ≤ C7η

for some positive constant C7 so that |Sv(t)− S0
v | →

η→0
0 uniformly in t. Finally, for the estimate on sh, we see

on one hand with (8) that:

sh(t, a)− s0h(a) ≤ (sηh − s0h + iηh + rηh)(a− t)e−
∫ a
a−t

µh(s)ds1{a≥t}.

On the other hand, we have, by using (12)-(13):

sh(t, a) ≥

{
sηh(a− t)e−

∫ a
a−t

(βv(s)C3η+µh(s))ds if a ≥ t

Λhe
−

∫ a
0
(βv(s)C3η+µh(s))ds if a < t

Suppose that a < t, then the two latter equations lead to

0 ≥ sh(t, a)− s0h(a) ≥ Λhe
−

∫ a
0

µh(s)ds
(
e−

∫ a
0

βv(s)C3ηds − 1
)
.

It follows that ∫ t

0

|sh(t, a)− s0h(a)|da ≤ Λh

∫ t

0

e−µ0a
(
1− e−∥βv∥L∞C3ηa

)
da.

The function a 7−→ e−µ0a
(
1− e−∥βv∥L∞C3ηa

)
is bounded above by the function a 7−→ e−µ0a which is integrable

on R+ and independent of η. Moreover, we see that

e−µ0a
(
1− e−∥βv∥L∞C3ηa

)
→
η→0

0

for each a ≥ 0. Consequently, by using Lebesgue’s dominated convergence theorem, we have∫ t

0

|sh(t, a)− s0h(a)|da →
η→0

0

uniformly in t. Now, suppose that a ≥ t, then

sh(t, a)− s0h(a) ≥ s0h(a− t)e−
∫ a
a−t

µh(s)ds
(
e−

∫ a
a−t

βv(s)C3η − 1
)
+
(
sηh(a− t)− s0h(a− t)

)
e−

∫ a
a−t

(βv(s)C3η+µh(s))ds.

It follows that∫ ∞

t

|sh(t, a)− s0h(a)|da ≤
(
∥sηh − s0h∥L1 + ∥iηh∥L1 + ∥rηh∥L1

)
e−µ0t +

∫ ∞

t

s0h(a− t)e−
∫ a
a−t

µh(s)ds
(
1− e−

∫ a
a−t

βv(s)C3η
)
da

≤ 3ηe−µ0t + Λh

∫ ∞

t

e−
∫ a
0

µh(s)ds
(
1− e−∥βv∥L∞C3ηt

)
da

≤ 3ηe−µ0t + Λh

∫ ∞

t

e−
∫ a
0

µh(s)ds
(
1− e−∥βv∥L∞C3ηa

)
da →

η→0
0

uniformly in t by using Lebesgue’s theorem once again. Gathering all previous estimates, we obtain:

lim
η→0

∥Φt(ẑ)− E0∥X = 0

uniformly in t. Consequently, considering small enough η proves the stability of E0 whenever R0 = 1.
The local stability obtained in Proposition 4 for R0 < 1 and Theorem 4 for R0 = 1, combined with the

attractiveness proved in Proposition 6 lead to the following result.

Theorem 5. The parasite-free equilibrium E0 is globally asymptotically stable in X+ whenever R0 ≤ 1.

It is worth noting that in [35], the stability was handled by proving the existence of a global attractor that
is stable provided that it attracts all compact subsets of a neighbourhood of itself (see [26, Thm 3.3.2, p. 38]
or [52, Thm 2.39, p. 47]), then reducing this attractor to the corresponding equilibrium point (parasite-free or
endemic equilibrium) proves both the stability and the attractiveness.
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3.5 On the endemic equilibrium

The search of endemic equilibrium is hard to investigate in the general case. First we handle the case without
reinfection, that is we suppose:

Assumption 3. We assume that r2 ≡ 0.

Theorem 6. Under Assumption 3 the model (1) has a unique equilibrium.

Proof. A steady state E∗ = (s∗h, i
∗
h, r

∗
h, S

∗
v , I

∗
v ) of the model (1) is given by the following equations:

(s∗h)
′(a) = −βv(a)s∗h(a)I∗v − µh(a)s

∗
h(a)

(i∗h)
′(a) = βv(a)s

∗
h(a)I

∗
v − (µh(a) + r1(a) + δ(a))i∗h(a)

(r∗h)
′(a) = r1(a)i

∗
h(a)− µh(a)r

∗
h(a)

0 = Λv − S∗
v

∫ +∞
0

βh(a)i
∗
h(a)da− µvS

∗
v

0 = S∗
v

∫ +∞
0

βh(a)i
∗
h(a)da− µvI

∗
v

(30)

It follows that

S∗
v =

Λv

µv +
∫∞
0
βh(a)i∗h(a)da

, I∗v =
Λv

∫∞
0
βh(a)i

∗
h(a)da

µv(µv +
∫∞
0
βh(a)i∗h(a)da)

and
s∗h(a) = Λhe

−
∫ a
0
(βv(s)I

∗
v+µh(s))ds

i∗h(a) = ΛhI
∗
v

∫ a

0

βv(s)e
−

∫ s
0
(βv(ξ)I

∗
v+µh(ξ))dξe−

∫ a
s
(µh(ξ)+r1(ξ)+δ(ξ))dξds.

Multiplying the latter equation by βh(a) and integrating w.r.t. a we get

1 =

(
ΛhΛv

µv

(
µv +

∫∞
0
βh(z)i∗h(z)dz

))∫ ∞

0

βh(a)

∫ a

0

βv(s)e
−

∫ s
0

Λvβv(ξ)
∫∞
0 βh(z)i∗h(z)dz

µv(µv+
∫∞
0 βh(z)i∗

h
(z)dz)

+µh(ξ))dξ
e−

∫ a
s
(µh(ξ)+r1(ξ)+δ(ξ))dξdsda.

Writing the latter equation as 1 = f(
∫∞
0
βh(z)i

∗
h(z)dz), where f : R+ → R+ is a continuous decreasing function

with f(0) = R0 > 1, we deduce that there exists a unique positive solution to f(x) = 1 which is
∫∞
0
βh(z)i

∗
h(z)dz.

It follows that there exists a unique solution to (30) and then a unique equilibrium to (1).
Now, we assume that Assumption 3 does not hold but we neglect the age-dependency of the parameters:

Assumption 4. We assume that the parameters βh, βv, r1, r2 and µh are constants.

Theorem 7. Under Assumption 4, the model (4) has a unique equilibrium.

Proof. Since Assumption 4 holds, then (1) rewrites as (4) after integration w.r.t. a. The formula of the
basic reproduction number simply becomes:

R0 =

√
βhS0

v

µh + δ + r1
×
βvS0

h

µv

with S0
v = Λv

µv
and S0

h = Λh

µh
. The search of endemic equilibria brings us to

Λh + r2R
∗
h = (βvI

∗
v + µh)S

∗
h

βvI
∗
vS

∗
h = (µh + δ + r1)I

∗
h

r1I
∗
h = (r2 + µh)R

∗
h

Λv = βhS
∗
vI

∗
h + µvS

∗
v

βhS
∗
vI

∗
h = µvI

∗
v .

(31)

Then we get

µvI
∗
v =

βhS
∗
vβvI

∗
vS

∗
h

µh + δ + r1

=

(
βhS

∗
vβvI

∗
v

µh + δ + r1

)
×
(
Λh + r2R

∗
h

βvI∗v + µh

)
=

(
βvI

∗
v

(µh + δ + r1)(βvI∗v + µh)

)
× βhS

∗
v

(
Λh +

r2r1I
∗
h

r2 + µh

)
=

(
βvI

∗
v

(µh + δ + r1)(βvI∗v + µh)

)
×
(
Λhβh

(
Λv

µv
− I∗v

)
+
r2r1µvI

∗
v

r2 + µh

)
.
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whence either

I∗v = 0 or µv(βvI
∗
v + µh) =

Λhβhβv
µh + δ + r1

(
Λv

µv
− I∗v

)
+

r1r2βv
(r2 + µh)(µh + δ + r1)

µvI
∗
v .

leading, if I∗v ̸= 0, to
I∗v = c

(
R2

0 − 1
)

where

c =
µhµv(µh + δ + r1)(µh + r2)

βvµv(µh + δ + r1)(µh + r2) + Λhβvβh(µh + r2)− βvµvr1r2
> 0

if R0 > 1. It follows that

S∗
v =

Λv

µv
− I∗v , I∗h =

µvI
∗
v

βhS∗
v

, R∗
h =

r1I
∗
h

r2 + µh
, S∗

h =
Λh + r2R

∗
h

βvI∗v + µh
.

We end this section with a proof of local asymptotic stability of the endemic equilibrium in a specific case.

Theorem 8. Under Assumptions 3 and 4, the unique endemic equilibrium E∗ of (4) is LAS.

Proof. The existence and uniqueness of E∗ is shown in Theorems 6-7, and the components are explicited
in the proof of Theorem 7 (with r2 ≡ 0). Linearising the system (4) around E∗, we get

S′
h(t) = −βvI∗vSh(t)− βvIv(t)S

∗
h − µhSh(t)

I ′h(t) = βvI
∗
vSh(t) + βvIv(t)S

∗
h − (µh + δ + r1)Ih(t)

R′
h(t) = r1Ih(t)− µhRh(t)

S′
v(t) = −βhS∗

vIh(t)− βhSv(t)I
∗
h − µvSv(t)

I ′v(t) = βhS
∗
vIh(t) + βhSv(t)I

∗
h − µvIv(t).

The eigenvalues λ ∈ C then satisfy the following system:
(λ+ µh + βvI

∗
v )Sh = −βvIvS∗

h

(λ+ µh + δ + r1)Ih = βvI
∗
vSh + βvIvS

∗
h

(λ+ µh)Rh = r1Ih
(λ+ µv + βhI

∗
h)Sv = −βhS∗

vIh
(λ+ µv)Iv = βhS

∗
vIh + βhSvI

∗
h.

(32)

The first two equations of (32) lead to

(λ+ µh + δ + r1)Ih = βvIvS
∗
h

(
1− βvI

∗
v

λ+ µh + βvI∗v

)
while the last two equations of (32) give

(λ+ µv)(Sv + Iv) = 0.

If λ = −µv < 0 then λ is a negative eigenvalue, otherwise Iv = −Sv. From the fourth equation of (32) we
deduce that

(λ+ µh + δ + r1)Ih = βvS
∗
h

(
1− βvI

∗
v

λ+ µh + βvI∗v

)
βhS

∗
vIh

λ+ µv + βhI∗h
.

If Ih = 0 then (Sh, Ih, Rh, Sv, Iv) = 0 and λ is not an eigenvalue. Otherwise we get p(λ) = 0 where

p(λ) = (λ+ µh + δ + r1)(λ+ µv + βhI
∗
h)(λ+ µh + βvI

∗
v )− βhβvS

∗
hS

∗
v (λ+ µh)

which rewrites as the third degree polynomial function p(λ) = a3λ
3 + a2λ

2 + a1λ+ a0 with
a3 = 1
a2 = (µh + δ + r1) + (µv + βhI

∗
h) + (µh + βvI

∗
v )

a1 = (µh + δ + r1)(µv + βhI
∗
h) + (µh + δ + r1)(µh + βvI

∗
v ) + (µv + βhI

∗
h)(µh + βvI

∗
v )− βhβvS

∗
hS

∗
v

a0 = (µh + δ + r1)(µv + βhI
∗
h)(µh + βvI

∗
v )− µhβhβvS

∗
hS

∗
v .

(33)
We readily see that a3 > 0 and a2 > 0. From (31) we deduce that

βhβvS
∗
vS

∗
h = µv(µh + δ + r1)
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whence
a1 = βhI

∗
h(µh + δ + r1) + (µh + δ + r1)(µh + βvI

∗
v ) + (µv + βhI

∗
h)(µh + βvI

∗
v ) > 0

and
a0 = (µh + δ + r1) ((µv + βhI

∗
h)(µh + βvI

∗
v )− µhµv) > 0.

To find the roots of p with non-negative real part, we use the criterion of Routh-Hurwitz. We compute

b1 =
−1

a1

∣∣∣∣(a3 a1
a2 a0

)∣∣∣∣ = a2 −
a3a0
a1

.

It follows that b1 > 0 ⇐⇒ a2a1 > a0. We see that

a2a1 ≥ (µh + δ + r1)(µv + βhI
∗
h)(µh + βvI

∗
v ) > a0

whence b1 > 0. Finally we compute

c0 =
−1

b1

∣∣∣∣(a2 a0
b1 0

)∣∣∣∣ = a0 > 0.

We conclude by the criterion that there exists no roots of p with non-negative real part, hence E∗ is LAS.

4 Numerical simulations

In this section, we show numerical simulations to validate the previous theoretical results and provide insights
into the stability of the endemic equilibrium.

4.1 Numerical scheme

The numerical method for the model (1) is based on finite volumes methods. We introduce ∆t and ∆a, the
constant time and age steps respectively. Denoting ⌈a⌉ the upper integer part of a, we define Na = ⌈amax/∆a⌉
and NT = ⌈T/∆t⌉ where amax and T are respectively the maximal time and maximal age of the numerical
simulation.

Let us introduce the points aj+1/2 = j∆a, for 0 ≤ j ≤ Na and the cells Kj = [aj−1/2, aj+1/2[, the centers of
the cells aj = (j − 1/2)∆a, for 1 ≤ j ≤ Na and tn = n∆t for 0 ≤ n ≤ NT . For 1 ≤ j ≤ Na and 0 ≤ n ≤ NT , we
denote by snh,j , i

n
h,j and rnh,j respectively the approximation of the average of sh(t

n, ·), ih(tn, ·), rh(tn, ·) on the
cell Kj , namely

s0h,j =
1

∆a

∫
Kj

sh,0(a)da, i0h,j =
1

∆a

∫
Kj

ih,0(a)da, r0h,j =
1

∆a

∫
Kj

rh,0(a)da

and

snh,j ≈
1

∆a

∫
Kj

sh(t
n, a)da, inh,j ≈

1

∆a

∫
Kj

ih(t
n, a)da, rnh,j ≈

1

∆a

∫
Kj

rh(t
n, a)da

for every n ≥ 1. We also define

S0
v = Sv,0, I0v = Iv,0.

For 1 ≤ j ≤ Na, we let

βv,j =
1

∆a

∫
Kj

βv(a)da, βh,j =
1

∆a

∫
Kj

βh(a)da, µh,j =
1

∆a

∫
Kj

µh(a)da,

δj =
1

∆a

∫
Kj

δ(a)da, r1,j =
1

∆a

∫
Kj

r1(a)da, r2,j =
1

∆a

∫
Kj

r2(a)da.

The numerical scheme is :
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

Sn+1
v =

Sn
v + Λv∆t

1 + ∆t∆a
∑Na

j=1 βh,ji
n
h,j + µv∆t

In+1
v =

Inv +∆t∆a
∑Na

j=1 βh,ji
n
h,jS

n+1
v

1 + ∆tµv

sn+1
h,j =

snh,j(1− ∆t
∆a ) +

∆t
∆as

n
h,j−1 + r2,jr

n
h,j∆t

1 + ∆tβv,jI
n+1
v +∆tµh,j

in+1
h,j =

inh,j(1− ∆t
∆a ) +

∆t
∆a i

n
h,j−1 +∆tβv,jI

n+1
v sn+1

h,j

1 + ∆t(µh,j + δj + r1,j)

rn+1
h,j =

rnh,j(1− ∆t
∆a ) +

∆t
∆ar

n
h,j−1 + r1,ji

n+1
h,j ∆t

1 + ∆t(r2,j + µh,j)

for every n ≥ 0 and j ≥ 1 with the boundary conditions :
sn+1
h,0 = Λh

in+1
h,0 = 0

rn+1
h,0 = 0

4.2 Parameters

For the numerical simulations, we choose the parameters summarized in the Table 1. The function δ is an
interpolation of the data retrieved in [53] for Burkina Faso, Ouagadougou case. We consider Λh = 106×3.37·10−2

with 3.37 · 10−2 the 2023 crude birth rate in Cameroon [55] and a total human population of 106 inhabitants.
We assume that the initial human population is at the parasite-free equilibrium, that is

sh,0(a) = Λhe
−

∫ a
0

µh(s)ds, ih,0 ≡ 0, rh,0 ≡ 0.

We consider logistic functions r1, r2 such that r1(0) = 0.5, lima→+∞ r1(a) = 6 corresponding to the time recovery
estimated in [3, 39] and where r2(0) = 1, lima→+∞ r2(a) = 1/5 corresponding to a period of immunity between
1 and 5 years as assumed in [12]. We decompose the force of infection λv(t) as

λv(t) =
θ
∫∞
0
G(a)ih(t, a)da

Λh

∫∞
0
e−

∫ s
0
µh(ξ)dξds

where:

•
ih(t, a)

Λh

∫∞
0
e−

∫ s
0
µh(ξ)dξds

is the proportion of infected human of age a at time t (supposing a constant popu-

lation given by the parasite-free equilibrium),

• θ is the human feeding rate, that is the expected number of bites on humans per mosquito per year, taken
as θ = 0.6× 365 [11],

• G(a) is the probability that a human of age a transmits the infection to a susceptible biting mosquito
which is considered as

G(a) = 7.1 · 10−2(G0(a))
3.02·10−1

(see [6]), with G0(a) the mean number of gametocytes for a human of age a, estimated in [13].

Similarly, we decompose the force of infection λh(t, a) as

λh(t, a) =
θβ̃vG0(a)Iv(t)

∥G0∥L∞Λh

∫∞
0
e−

∫ s
0
µh(ξ)dξds

where β̃vG0(a)
∥G0∥L∞ is the probability that a susceptible human of age a gets infected from a mosquito bite, with G0

describing the vulnerability for humans to be infected and normalized such that the maximum is β̃v which is
estimated in [12].

The parameter Λv is adjusted to obtain different values of R0. As in [41] we assume a mosquito life
expectancy of 20 days leading to µv = 365/20 year−1, despite the high variability of this parameter in practice
(see [48] and the references therein for a discussion on this topic). Finally, we consider a susceptible mosquito
population at the parasite-free equilibrium, Sv,0 = Λv

µv
, while Iv,0 is allowed to vary.
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Parameters Value Unit References
Λh 3.37 · 104 year−1 [55]

µh(a) 5.8
(
2 · 10−3 + 9 · 10−2e−2.1a + 10−4e9·10

−2a
)

year−1 [69]

δ(a) 10−3
(
6.58 · 10−1e−3.405·10−1a + 4 · 10−4e4.44·10

−2a
)

year−1 [53]

r1(a) 6 · (1 + 11e−0.05a)−1 year−1 [3, 39]
r2(a) (5− 4e−0.05a)−1 year−1 [12]
Λv Varies year−1 Assumed
µv 18.25 year−1 [41]
θ 219 year−1 [11]
G0(a) 22.7ae−0.0934a no unit [13]

G(a) 7.1 · 10−2(G0(a))
3.02·10−1

no unit [6]

βh(a) θ ·G(a) · (Λh

∫∞
0
e−

∫ s
0
µh(ξ)dξds)−1 year−1 [48]

β̃v 0.022 no unit [12]

βv(a) θ · β̃vG0(a) · ∥G0∥−1
L∞ · (Λh

∫∞
0
e−

∫ s
0
µh(ξ)dξds)−1 year−1 Assumed

Table 1: Parameters for the numerical simulations of (1)

4.3 Simulations

In the Figure 1, we set Λv = 5 · 106 leading to R0 ≈ 1.52 and we consider four different initial conditions:
Iv,0 ∈ {103, 104, 105, 2 · 105}. Each solution converge to the same endemic equilibrium. In the Figure 2, we
set Λv = 1.5 · 106 leading to R0 ≈ 0.83 with the same four initial conditions. We plot in log scale to see the
decreasing of the solutions to the parasite-free equilibrium.

Figure 1: Convergence to an endemic equilibrium when R0 > 1 for different initial conditions
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